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Multiphase Fountains
Martin Conrad Lippert
In this thesis we present experimental studies and theoretical models on the
rise height and entrainment of axisymmetric multiphase fountains. The aim of
this thesis is to improve our understanding of these fundamental flows frequently
observed in industry and nature.
In each chapter we present a series of laboratory experiments and we employ
various dye visualisations and imaging techniques to extract experimental data.
This data is compared with theoretical models based on the conservation of volume,
momentum and buoyancy fluxes. We focus our attention on the bulk dynamics of
the flow rather than on the motion of individual bubbles or particles.
In chapters 2 and 3 we consider unconfined bubble fountains. We begin by
investigating the maximum depth reached by bubbles in turbulent water jets issuing
downwards into a reservoir. We compare the experimental data with a theoretical
model based on the conservation of volume, momentum and buoyancy fluxes. We
proceed in chapter 3 by investigating the depth reached by bubbles in low Reynolds
number bubble fountains and we present a scaling for the maximum depth reached
by bubbles in such flows. In the experiments we observed bubbles accumulating at
the surface, forming a filling-box flow. This observation encouraged a subsequent
investigation of filling-box flows of bubbles and particles in confined reservoirs.
In chapters 4 and 5 we consider turbulent fountains in confined environments.
In chapter 4 we investigate the fate of particles carried into a confined space by a
turbulent particle-laden fountain. We identify four distinct regimes by comparing
the particle settling velocity with three characteristic velocities in the system. In
the fifth chapter we focus our attention on extremely confined turbulent fountains.
We measure the rise height and entrainment of fountains in very narrow tanks
and identify the regime in which the fountain is affected by the confinement. We
present a scaling argument for the entrainment of such flows.
In chapter 6 we consider the run-out length and entrainment of particle-driven
gravity currents, fed by turbulent particle-laden fountains. We present a theoretical
model accounting for the presence of a sedimentation front.
The thesis concludes with a summary and discussion of the findings in chapter 7.
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Abstract
In this thesis we present experimental studies and theoretical models on the rise
height and entrainment of axisymmetric multiphase fountains. The aim of this
thesis is to improve our understanding of these fundamental Ćows frequently
observed in industry and nature.
In each chapter we present a series of laboratory experiments and we employ
various dye visualisations and imaging techniques to extract experimental
data. This data is compared with theoretical models based on the conservation
of volume, momentum and buoyancy Ćuxes. We focus our attention on the
bulk dynamics of the Ćow rather than on the motion of individual bubbles or
particles.
In chapters 2 and 3 we consider unconĄned bubble fountains. We begin
by investigating the maximum depth reached by bubbles in turbulent water
jets issuing downwards into a reservoir. We compare the experimental data
with a theoretical model based on the conservation of volume, momentum and
buoyancy Ćuxes. We proceed in chapter 3 by investigating the depth reached
by bubbles in low Reynolds number bubble fountains and we present a scaling
for the maximum depth reached by bubbles in such Ćows. In the experiments
we observed bubbles accumulating at the surface, forming a Ąlling-box Ćow.
This observation encouraged a subsequent investigation of Ąlling-box Ćows of
bubbles and particles in conĄned reservoirs.
In chapters 4 and 5 we consider turbulent fountains in conĄned environments.
In chapter 4 we investigate the fate of particles carried into a conĄned space
by a turbulent particle-laden fountain. We identify four distinct regimes by
comparing the particle settling velocity with three characteristic velocities in
the system. In the Ąfth chapter we focus our attention on extremely conĄned
turbulent fountains. We measure the rise height and entrainment of fountains
in very narrow tanks and identify the regime in which the fountain is affected
vby the conĄnement. We present a scaling argument for the entrainment of such
Ćows.
In chapter 6 we consider the run-out length and entrainment of particle-
driven gravity currents, fed by turbulent particle-laden fountains. We present
a theoretical model accounting for the presence of a sedimentation front.
The thesis concludes with a summary and discussion of the Ąndings in
chapter 7.
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Chapter 1
Introduction
1.1 Definition
A fountain is a localised Ćuid Ćow in which the momentum Ćux at the source
is opposed by the buoyancy Ćux (Hunt and Burridge (2015)).
The most common association with the term fountain is a water feature
in which a water jet is ejected upwards into air. The water is more dense
compared to the air, so some initial momentum is required to overcome the
negative buoyancy force associated with this density difference. In this speciĄc
example, the density difference between the fountain Ćuid (water) and the
ambient Ćuid (air) is very large and the two Ćuids do not mix. The fountain
Ćuid decelerates owing to its larger density until it eventually comes to rest
at some height before collapsing and falling back down under the inĆuence of
gravity.
In many other examples of fountains, however, the fountain Ćuid and the
ambient Ćuid are miscible and the density difference between the two Ćuids
is small. An example of such a Ćow is often noticed in the entrance area of
shopping centres where a hot jet of air is forced downwards to distribute warm
air and provide heating. The warm air is less dense compared to the colder
ambient air, so some initial momentum is required to overcome the buoyancy
force associated with this density difference. In this example, both the Ćuid
inside and outside the fountain is air and the relative density difference at
the source is only a few percent, so that the fountain is free to entrain Ćuid
from its environment. Owing to this entrainment, the volume Ćux within the
1.2 Motivation and structure of thesis 2
fountain increases several fold before the Ćow is arrested. Such a fountain
Ćow decelerates owing to (i) the density difference between the fountain and
the environment, and (ii) the entrainment of ambient Ćuid which has to be
accelerated from rest.
The term localised in the deĄnition of a fountain above refers to the fact that
a fountain requires a well-deĄned, spatially conĄned source. This localisation
is commonly expressed in terms of the source Froude number of the fountain,
Fr0, which corresponds to the ratio of inertial to gravitational forces,
Fr0 =
u0√
g′0b0
, (1.1)
where u0 is the velocity of the fountain Ćuid at the source, g
′
0 is the reduced
gravitational acceleration at the source and b0 is the radius of the source. For
Fr0 > 1 the Ćow may be referred to as localised. Fountains issuing from a
round nozzle, as implied by the source radius b0, are axisymmetric.
If the fountain Ćuid contains a second phase, it is commonly referred to as
a multiphase fountain. This second phase could be bubbles, droplets, particles
or other contaminants. These contaminants can be passive, in which case
the buoyancy is provided solely by the interstitial Ćuid, or the contaminants
provide or contribute to the density difference between the fountain and the
environment. Bubbles, particles or other contaminants in the fountain may
exhibit a slip velocity relative to the fountain Ćuid. If this slip velocity is small
compared to the Ćuid velocity in the fountain, then the fountain behaves as an
analogous single-phase fountain with the same source Ćuxes of buoyancy and
momentum. If the slip velocity is comparable to, or even exceeds the fountain
Ćuid velocity, the second phase separates from the fountain before the fountain
Ćuid comes to rest (Mingotti and Woods, 2016).
The goal of this thesis is to improve our understanding of the rise height
and the mixing of axisymmetric multiphase fountains.
1.2 Motivation and structure of thesis
Axisymmetric multiphase fountains are frequently observed in industry and
nature. Improving our understanding of such Ćows can enable the optimisation
1.2 Motivation and structure of thesis 3
of industrial process equipment and the prediction of the effects of natural
occurrences.
Figure 1.1 provides a high-level overview of the content covered in this
thesis: Chapters 2 and 3 consider the rise height and entrainment of bubble
fountains in unconĄned environments. Chapters 4 and 5 consider the rise
height and mixing of turbulent fountains in conĄned environments. Chapter
6 considers the mixing and transport of particles in sustained particle-driven
gravity currents fed by particle-laden fountains.
Chapter 2: Turbulent bubble-laden fountains are frequently employed to
aerate oxygen-scarce water in lakes or water treatment facilities (Biń, 1993;
Neto et al., 2016). A good understanding of the depth reached by the bubbles
and the entrainment of ambient Ćuid guides the development of such systems.
To this end, the second chapter contains an experimental and theoretical inves-
tigation of the penetration depth of bubbles in turbulent bubble fountains in
water. The model, based on a single entrainment parameter and a constant
bubble rise speed, is in good agreement with the experimental data. This work
has been published in the Journal of Fluid Mechanics in 2018.
Chapter 3: Bubbles introduced by bubble-laden fountains may also be highly
undesirable when a contamination of the Ćuid is to be avoided. This effect is
especially pronounced in viscous Ćuids as more time is required for bubbles
to escape. The lubrication capabilities of engine oil for example deteriorate
when bubbles are introduced by plunging oil jets. Aerated oil also exhibits
compressibility effects which delay hydraulic activation of valves, leading to
increased wear (Nemoto et al., 1997). The third chapter contains an exper-
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imental investigation of low Reynolds number bubble fountains. We discuss
experimental observations and present a scaling for the maximum penetration
distance of the bubbles in oil-air fountains. Owing to the viscosity of the
Ćuid, some bubbles do not have sufficient time to rise and escape but instead
accumulate at the free surface and form a bubble-rich layer growing downwards
into the tank. This observation motivated a detailed investigation of multiphase
fountains in conĄned and contaminated environments.
Chapter 4: Particle-laden fountains are frequently generated by ventilation
systems distributing pathogens and particles through a building. It is important
to understand the bulk motion of contaminates in such particle-laden fountains
to ensure adequate air quality especially in clean rooms and hospitals (Linden,
1999; Mingotti and Woods, 2015a,b). In Ćuidised bed reactors particle fountains
may suspend a particle bed up to some height, and multiphase fountains are
also employed in Ąlter systems to separate particles by size and weight (Mingotti
and Woods, 2016; Rowe and Nienow, 1976). The fourth chapter contains an
analysis of the transport of particles supplied to a conĄned environment as a
particle-laden fountain. By comparing the terminal particle settling velocity
with three characteristic Ćow velocities in the system, we identify four distinct
regimes that determine the height of the contaminated layer as well as the
adjusted fountain height. This chapter has been published in the Journal of
Fluid Mechanics in 2018.
Chapter 5: The Ąfth chapter presents an experimental investigation of the
rise height and entrainment of turbulent fountains in extremely narrow tanks.
We Ąnd that both the rise height and the total entrainment of ambient Ćuid
into the fountain decrease compared to an equivalent unconĄned fountain if
the ratio of conĄnement width and fountain diameter falls below a threshold
value of 2. We present a scaling argument for the entrainment of ambient Ćuid
by very conĄned fountains.
Chapter 6: Particle-laden fountains feeding particle-driven gravity currents
are featured in a wide range of industrial process equipment. Separators are
frequently employed in water treatment facilities or the oil and gas industry
to separate sand and contaminants from water or oil. At the inĆow, the
particle-laden Ćow forms a multiphase fountain, feeding a multiphase gravity
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current. The properties of the initial fountain determine the overall behaviour
and effectiveness of the equipment (DeRooij, 1999). In nature, particle-laden
fountains are observed during volcanic eruptions when a mixture of gases,
rocks, lava and dust is ejected upwards into the air (Woods, 1995). This is a
highly complex Ćow since the hot gases may be positively buoyant, whereas the
rocks and particles are more dense than the ambient air. This can cause the
bulk Ćow to be negatively buoyant, and the entire mixture forms a multiphase
fountain, or the particles separate from the up-Ćowing gases at some height
depending on the size and weight of individual particles (Mingotti and Woods,
2016). Such particle-laden fountains may feed particle-driven gravity currents
which can propagate kilometres before coming to rest (Bonnecaze et al., 1993;
Simpson, 1999; Ungarish, 2009). Understanding the source conditions of such
Ćows can help inform models of the run out and hence strategies to mitigate
associated hazards. In the sixth chapter we present a detailed experimental
and theoretical investigation of the particle transport in particle-driven gravity
currents in water. The experiments are complemented by a novel theoretical
model which accounts for particle settling at the base of the gravity current
and the release of source Ćuid through the top of the gravity current owing to
the establishment of a sedimentation front. Comparison with the experimental
data conĄrmed that the model correctly predicts the height proĄle and the
run-out length of the gravity current in which the height gradually reduces
with distance from the source. This chapter has been published in the Journal
of Fluid Mechanics in 2020.
In total, this thesis contains 7 chapters, including this introduction in
chapter 1 and a summary and discussion of the results in chapter 7.
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1.3 A brief review of single-phase jets, plumes
and fountains
Our investigation of multiphase fountains presented in this thesis builds on an
extensive set of previous work on single-phase fountains (Baines and Turner,
1969; BloomĄeld and Kerr, 2000; Burridge and Hunt, 2013, 2016; Hunt and
Burridge, 2015; Linden, 1999; Mizushina et al., 1982; Turner, 1966). Much of
this work, in turn, builds on decades of research on single-phase jets and plumes
(List, 1982; Morton et al., 1956; Woods, 2010). It is therefore useful to re-visit
some of the fundamental work on single-phase jets, plumes and fountains here
in the general introduction as this guides the work presented throughout the
thesis. More detailed introductions considering the exact working Ćuids and
the experimental set-ups are found in the relevant chapters.
1.3.1 Single-phase jets
Single-phase jets are easily produced by issuing fresh water through a submerged
nozzle into a tank Ąlled with fresh water. Dye may be added to the source
liquid to visualise the Ćow as shown in Ągure 1.2 (a), where the nozzle is placed
at the bottom of a tank. The Ćow is driven by its initial momentum at the
source. Upon exiting through the nozzle, the jet decelerates by entraining
ambient water and it spreads laterally, as illustrated by the cartoon in Ągure
1.2 (b) (List, 1982). Jets issuing through a point source are axisymmetric. The
velocity distribution through a horizontal cross-section may be approximated
by a Gaussian proĄle (Morton et al., 1956). Assuming axial symmetry, the
volume Ćux through any inĄnite horizontal cross-section at height z may be
written as
Q(z) =
∫
∞
0
2πr(z)u˜(z, r)dr (1.2)
where r is the radial distance from the centre line and u˜(z, r) is the Ćuid velocity.
Similarly, the momentum Ćux in the jet is
M(z) = Q(z)u˜(z, r) =
∫
∞
0
2πr(z)u˜2(z, r)dr. (1.3)
At high Reynolds numbers (Re > 1000) the Ćow is turbulent and the
entrainment is controlled by large scale eddies, which encourage mixing (List,
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Fig. 1.2 (a) Experimental image of a turbulent single-phase jet. Dyed fresh water
is injected upwards into a tank Ąlled with fresh water. The Ćow decelerates
and spreads laterally owing to the entrainment of ambient Ćuid. (b) Schematic
of a turbulent single-phase jet. Illustrated are the Gaussian distribution of the
Ćuid velocity as well as the horizontally-averaged top-hat velocity.
1982). Highly turbulent jets are commonly modelled with a top-hat description,
which assumes a horizontally-averaged velocity and a well deĄned radius at
each height as shown in Ągure 1.2 (b) (Morton et al., 1956). In this top-hat
description, equation 1.2 and 1.3 reduce to
Q(z) = πq(z) = πb2(z)u(z) (1.4)
and
M(z) = πm(z) = πb2(z)u(z)2 (1.5)
where b(z) and u(z), without the tilde symbol, are the top-hat radius and
velocity, respectively.
The volume Ćux of the jet increases as it entrains ambient liquid. Morton,
Taylor and Turner (1956) have developed an entrainment hypothesis which
has been widely adopted in the literature. This hypothesis quantiĄes the
entrainment of ambient liquid at some height in the jet as being proportional
to the top-hat velocity of the Ćuid at this height,
dQ(z)
dz
= α 2πb(z) u(z) = α 2π m(z)1/2, (1.6)
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where α is the entrainment coefficient. For a single-phase jet, α is approximately
0.076 ± 0.004 (BloomĄeld and Kerr, 2000). The momentum Ćux is independent
of height, so that equation 1.6 can be integrated to obtain an expression for
the volume Ćux as a function of z,
Q(z) = Q0 + z α 2π m0(z)
1/2, (1.7)
where the subscript 0 denotes the source Ćuxes at the nozzle.
1.3.2 Single-phase plumes
Plumes are localised Ćows, driven by the density difference between the plume
Ćuid and the environment (Woods, 2010). Unlike jets, they do not rely on
an initial momentum Ćux. Plumes were Ąrst described in detail by Morton,
Taylor and Turner (1956). Figure 1.3 (a) shows an experimental image of a
single-phase plume. It is of interest to note that the shape of the plume and
the jet (cf. Ągure 1.2 (a)) appear very similar, even though the mechanism
behind the Ćuid transport is very different.
The difference in density between the plume Ćuid, ρp, and the ambient Ćuid,
ρe, results in a reduced gravitational acceleration at the source,
g
′
0 = g
ρp,0 − ρe
ρe
, (1.8)
where g=9.81m/s2 is the gravitational acceleration. This density difference
between the plume Ćuid and the ambient Ćuid leads to a buoyancy Ćux, B(z),
across an inĄnite horizontal area at height z
B(z) =
∫
∞
0
2πru˜(z, r)g
ρ˜(r, z)− ρe
ρ0
dr, (1.9)
where ρ˜(r, z) is the Gaussian distribution of density in the plume Ćuid. In the
top-hat description, the buoyancy Ćux simpliĄes to
B(z) = πf(z) = g
′
(z)πb2(z)u(z) = g
′
(z)Q(z). (1.10)
Equations 1.4 and 1.5 remain valid, so that the plume is deĄned in terms of
the conservation equations for the Ćuxes of volume, momentum and buoyancy.
In an environment of uniform density the changes of these three Ćuxes with
height are
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Fig. 1.3 (a) Experimental image of a turbulent single-phase plume. Dyed fresh
water is injected upwards into a tank Ąlled with more dense salt water. The
Ćow is driven by its density deĄciency compared to the environment and it
spreads laterally owing to the entrainment of ambient liquid. (b) Schematic of
a turbulent single-phase plume. The vertical co-ordinate z is taken as positive
upwards.
dQ(z)
dz
= α 2πb(z) u(z) = α 2π m(z)1/2, (1.11)
dM(z)
dz
= πb2(z)g
′
(z), (1.12)
dB(z)
dz
= 0. (1.13)
These conservation equations for the volume, momentum and buoyancy
Ćuxes can be integrated to obtain analytic expressions for the plume radius,
the top-hat Ćuid velocity and the reduced gravity as a function of the vertical
co-ordinate z, as shown by Morton et al. (1956):
b(z) =
6α
5
z, (1.14)
u(z) =
5
6α
(
9
10
αf0
1/3
z−1/3, (1.15)
g
′
(z) =
5f0
6α
(
9
10
αf0

−1/3
z−5/3. (1.16)
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1.3.3 Single-phase fountains
Fountains are localised Ćows in which, at the source, the direction of the
momentum Ćux opposes the direction of the buoyancy Ćux (Hunt and Burridge,
2015). A jet-like core develops which decelerates owing to gravitational effects
and the entrainment of ambient liquid until the fountain reaches a maximum
height at which the Ćuid comes to rest. At the top of the fountain, the Ćuid
reverses its motion and falls back in a collar around the fountain core. A
complicated exchange of Ćuid between the core, the collar and the ambient
develops (BloomĄeld and Kerr, 2000). With the return Ćow fully established,
the fountain core entrains some of the return Ćow so that the overall fountain
height reduces to a new steady value (Turner, 1966). An image of a single-phase
fountain is shown in Ągure 1.4 (a) and a schematic of the fountain dynamics is
shown in panel (b).
BloomĄeld and Kerr (2000) have developed a full model of axisymmetric
fountains based on conservation equations of the Ćuxes of volume, momentum
and buoyancy. Burridge and Hunt (2015) reviewed turbulent single-phase
fountains, combining multiple sets of experiments and classifying the fountains
based on their source Froude number,
Fr0 =
u0√
b0g
′
0
=
m
5/4
0
q0f
1/2
0
(1.17)
where the subscript Ť0Ť speciĄes source conditions. Extensive sets of ex-
perimental data (Hunt and Burridge, 2015; Turner, 1966) have shown that for
turbulent fountains and Fr0 > 1 the steady height of a single-phase fountain
scales as
HSPF ∝ Fr0b0 = m3/40 f−1/20 (1.18)
where m3/4f
−1/2
0 is a characteristic length scale of the fountain. The constant
of proportionality for such fountains is 2.46.
In a similar fashion, we can compose a characteristic fountain velocity based
on the source Ćuxes of buoyancy and momentum
uF = f
1/2
0 m
−1/4
0 . (1.19)
1.3 A brief review of single-phase jets, plumes and fountains 11
Fig. 1.4 (a) Experimental image of a turbulent single-phase fountain. Dyed salt
water is injected upwards into a tank Ąlled with less dense fresh water. The
Ćow decelerates owing to its negative buoyancy and the entrainment of ambient
water. (b) Schematic of a turbulent single-phase fountain. Illustrated are the
jet-like fountain core in which Ćuid travels upwards, as well as the collapsing
return Ćow around this core. At the source, the direction of the buoyancy Ćux
opposes the direction of the momentum Ćux.
In multiphase fountains, the ratio of this characteristic velocity and the fall
speed (or rise speed) of the second phase determines if the fountain behaves
like an analogous single-phase fountain with the same source Ćuxes of buoyancy
and momentum, or whether the particles separate from the Ćow before the
fountain Ćuid runs out of momentum (Mingotti and Woods, 2016).
Chapter 2
Turbulent bubble fountains in
water
2.1 Abstract
We explore the dynamics of turbulent bubble fountains produced when a
descending stream of fresh water and air bubbles issues from a nozzle submerged
in a tank of water. The bubbles have diameters of 2 to 5 mm and the fountains
have source Froude numbers ranging from 10 to 240. The Reynolds numbers of
the bubbly fountains range from 4,000 to 24,000. The bubbles, carried into the
tank by the downward jet of water, lead to a buoyancy force which reduces the
downward momentum of the jet, thus producing a fountain. We Ąnd that HF ,
the downward penetration distance of the bubbles into the water reservoir, may
be characterised by two parameters: Λ, the ratio of the bubble rise speed to the
characteristic fountain velocity, uF = f
1/2
0 /m
1/4
0 , and Fr0, the source Froude
number, given by m
5/4
0 /(qW0 f
1/2
0 ), where qW0 , m0 and f0 are the source volume,
momentum and buoyancy Ćuxes. As Λ increases, HF decreases, a result which
is directly analogous to the height of rise of particles in a particle-laden fountain
(Mingotti and Woods, 2016). Also, we Ąnd that HF increases as Fr0 increases,
a result directly analogous to single-phase fountains (Turner, 1966).
We present a model for the conservation of volume, momentum and buoy-
ancy Ćuxes and use this to predict the penetration distance of the bubbles
corresponding to the point at which the fountain liquid velocity equals the
bubble rise speed. Using the best-Ąt value for the entrainment coefficient,
α = 0.04 ± 0.004, we Ąnd that our experimental measurements of the bub-
2.2 Introduction 13
ble penetration distance are in good accord with the model predictions for
10 < Fr0 < 240 and 2 < Λ < 15. In our experiments the bubble rise speed, uslip,
is large compared to the entrainment velocity of the descending fountain. Thus,
only a small fraction of the rising bubbles are re-entrained, and so the buoyancy
Ćux of the fountain is approximately independent of depth. Flow-visualisation
experiments also show that the liquid momentum Ćux is not exhausted at the
point of bubble separation and so the liquid in the fountain continues to travel
downward, separated from the bubbles. We use the new theoretical model to
estimate the Ćux of air entrained into plunging water jets.
2.2 Introduction
Turbulent bubble fountains form when gas bubbles are carried into a liquid by
a downward jet of water. They frequently arise in industrial processes, most
commonly in the form of air bubbles entering a liquid reservoir. Two-phase
fountains can be highly desirable when aerating oxygen-scarce water (Biń, 1993;
McDougall, 1978), or highly undesirable when contamination of the liquid with
bubbles is to be avoided. Examples of the latter case include the foaming
induced when refuelling a petrol tank and the entrainment of air into oil as
it reĄlls the sump of an engine. In particular connecting-rod bearings in car
engines show increased wear when the lubricant is laden with bubbles (Nemoto
et al., 1997). The purpose of this work is to broaden our understanding of
bubble fountains and in particular the controls on the penetration depth of the
bubbles.
We present a new set of systematic experiments in which we generate
turbulent bubble fountains via a co-Ćow of air and fresh water issuing through
a submerged nozzle. This set-up allows for a precise control of both the air
and water Ćow rates at the source. We explore scalings for our experimental
measurements of bubble penetration depth in terms of the initial Ćuxes of
volume, momentum and buoyancy, and we present an integral model which
describes how these horizontally-averaged Ćuxes develop in the vertical direction.
The model quantiĄes the effect of the bubble slip velocity, uslip (the terminal
rise speed of an individual air bubble in water), on the fountain dynamics
and quantiĄes the mixing with ambient liquid. Comparison of the model
with experimental data yields a best-Ąt entrainment coefficient, α. The model
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predictions for bubble penetration distance are in good accord with the new
experimental data.
Our experiments build on existing literature about bubble fountains gen-
erated by plunging water jets (Biń, 1993), for which a constant bubble slip
velocity has been observed (Clanet and Lasheras, 1997). In contrast to those
experiments, using a co-Ćow of air and water issuing from a submerged nozzle,
we are able to vary the source buoyancy Ćux independently of the source
momentum Ćux.
The dimensional analysis presented in this chapter is inspired by previous
investigations of single-phase fountains in which the properties of the Ćow have
been shown to depend on the Froude number at the source, Fr0SPF = u0/
√
g′ b0,
where u0 is the initial velocity and b0 the nozzle radius (Burridge and Hunt,
2013; Hunt and Burridge, 2015; Turner, 1966). The reduced gravity is given by
g
′
= g (ρa − ρF )/ρa, with ρa the density of the ambient liquid and ρF the bulk
density of the fountain Ćuid. The Froude number may also be expressed in terms
of the initial volume, momentum and buoyancy Ćuxes, qW0 = QW0/π = b
2
0u0,
m0 = M0/π = b
2
0u
2
0 and f0 = B0/π = g
′
b20u0, giving the expression
Fr0 =
m
5/4
0
qW0f
1/2
0
. (2.1)
We have combined these classical results (Hunt and Burridge, 2015; Turner,
1966) with recent experiments on particle-laden fountains produced from a
negatively buoyant jet of fresh water laden with particles (Mingotti and Woods,
2016). In this latter study, it was shown that if the fall speed of the particles,
ufall, exceeds the characteristic speed of the fountain, given by
uF =
f
1/2
0
m
1/4
0
, (2.2)
then the particles fall out below the height of the equivalent single-phase
fountain. By analogy with heavy particles falling from a particle-laden fountain,
we introduce the dimensionless parameter
Λ =
uslip
uF
(2.3)
where uslip is the terminal rise speed of the bubbles. In the present experiments,
the bubbles with diameters of 2 to 5 mm have a terminal rise speed of 0.28 m/s
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(Clift et al., 2005, p.172). If the dimensionless parameter Λ is small (Λ < 0.5),
multiphase fountains resemble classical single-phase fountains (Mingotti and
Woods, 2016). For a given set of source conditions, this requires the terminal
velocity (terminal rise speed for bubbles or terminal fall speed for heavy particles)
to be very small, which is most commonly observed if the contaminants (bubbles
or particles) are very small in diameter. We have been able to explore the
range from 2 < Λ < 15. This indicates that the fountains do not behave
as single-phase fountains. Indeed, the bubbles separate from the fountain
liquid before the liquid momentum Ćux is exhausted. Thus, we Ąnd that the
downward penetration distance of the bubbles decreases relative to the height
of a classical single-phase fountain as Λ increases.
In the integral model we propose for a bubble fountain, we work with
the horizontally-averaged volume and momentum Ćuxes (Morton et al., 1956;
Turner, 1966) but also account for the bubble slip velocity. Furthermore, as the
bubble rise speed is large compared to the entrainment velocity associated with
the entrainment of ambient liquid into the fountain (uslip > uent), we expect
that only a small fraction of the bubbles is re-entrained into the fountain so that
the buoyancy Ćux remains approximately constant with height in the fountain.
This differs from models of single-phase fountains for which the entrainment
of the buoyant return Ćow leads to a variation of the fountain buoyancy Ćux
with height (BloomĄeld and Kerr, 2000; Carazzo et al., 2010; Turner, 1966).
We test the model by direct comparison with our new experimental data.
We then revisit observations of the bubble penetration distance in a bubble
fountain produced when a downward jet of water impinges on a free surface.
Combining our model with these observations, we are able to estimate the rate
of entrainment of air into such impinging jets.
2.3 Experiments
Turbulent bubble fountains were generated when a co-Ćow of fresh water and
air issued through a submerged nozzle into a tank of dimensions 40 cm x 20 cm x
20 cm as shown in the schematic in Ągure 2.1 (a). Panel (b) of Ągure 2.1 contains
an image of a CAD model of the experimental apparatus and panel (c) shows a
close-up of the nozzle section. The liquid was supplied from a pressurised tank
and the Ćow rate was controlled by a Parker liquid flow indicator Ćowmeter
(range: 3 to 33 ml/s). The air Ćux, regulated via a Uniflux variable area
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Ćowmeter (range: 0.9 to 27 ml/s), was supplied from a compressed air line and
fed into the centre of the liquid stream. Four round nozzles of diameter 2.9 mm,
3.84 mm, 5 mm and 6 mm, submerged 5 cm under the water surface, were used
as the sources during the experiments.
A JAI SP-5000 monochrome high-speed camera with a 1:28 HAMA lens
was employed to record the motion of the air bubbles inside the tank. The
camera was set to take 100 images per second for a period of ten seconds for
each of the experiments listed in table 2.1. The lens was positioned to be at the
height of the nozzle and a 400 Watt PhotonBeam halogen lamp was employed
to illuminate the experiments. The light source was placed 30 cm away from
the tank, orthogonal to the line of view of the camera to minimise reĆections in
the Perspex walls. A black plastic sheet was mounted to the back wall inside
the tank to maximise the contrast between illuminated air bubbles and the
background. A systematic set of 126 experiments was run for various source
Ćux and nozzle diameter combinations as listed in table 2.1.
2.3.1 Experimental observations
The high-speed videos revealed that in our experiments the majority of air
bubbles are spherical in shape with diameters between 2 and 5 mm. The
average bubble size as well as the bubble shape remained constant for all source
Ćuxes and nozzle sizes that we investigated. Measurement of the rise speeds
conĄrmed the well-known experimental Ąnding that the slip velocity of air
bubbles in this size range rising through water is approximately constant (Clift
et al., 2005, p.172), with a value of around 28 cm/s (± 4 cm/s).
The high-speed videos recorded for each of the 126 experiments listed in
table 2.1 contain 1000 grey-scale images, covering a time span of 10 seconds. An
individual frame of such a video is shown in Ągure 2.2 (a). In this instantaneous
image, the white regions denote light reĆected from the bubbles. The vertical
red line marks the off-centre location at which the time-series image in Ągure
2.4 (c) has been computed. The variation with time of the maximum bubble
penetration distance is shown in Ągure 2.4 (b). A MATLAB script was used to
create a time-average by superimposing the 1000 grey-scale images from the
slow-motion videos. We then use a false-colour map to illustrate the result.
Figure 2.2 (b) shows such an image and represents the time-averaged intensity
of the light reĆected from the bubbles. In Ągure 2.2 (a) and (b) only the bubbles
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Fig. 2.1 (a) Schematic of the experimental set-up: A co-Ćow of air and water
issues downwards through a nozzle submerged in a tank of water. The exact
amount of liquid supplied through the nozzle is extracted at the bottom to
ensure a steady water level. Both the water Ćux and the air Ćux through
the nozzle can be controlled via valves and Ćowmeters. (b) CAD-model of
the experimental apparatus with the air Ćowmeter to the left and the water
Ćowmeter (with red control valve) to the right of the tank. (c) Close-up of the
nozzle section of the CAD-model.
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Exp. dN [mm] QW0 [ml/s] QA [ml/s] HF [cm] Exp. dN [mm] QW0 [ml/s] QA [ml/s] HF [cm]
1 2.9 15 0.83 10.85 64 3.84 30 0.83 18.32
2 2.9 15 1.67 10.97 65 3.84 30 1.67 16.25
3 2.9 15 2.50 9.48 66 3.84 30 2.50 15.90
4 2.9 15 3.33 9.76 67 3.84 30 3.33 15.15
5 2.9 15 4.17 9.45 68 3.84 30 4.17 14.78
6 2.9 15 6.67 9.27 69 3.84 30 6.67 13.85
7 2.9 15 13.33 9.28 70 3.84 30 13.33 12.08
8 2.9 15 20.00 9.55 71 3.84 30 20.00 11.31
9 2.9 15 26.67 9.86 72 3.84 30 26.67 11.56
10 2.9 20 0.83 16.87 73 5 15 0.83 3.92
11 2.9 20 1.67 14.49 74 5 15 1.67 3.75
12 2.9 20 2.50 14.65 75 5 15 2.50 3.53
13 2.9 20 3.33 13.14 76 5 15 3.33 3.26
14 2.9 20 4.17 12.55 77 5 15 4.17 2.98
15 2.9 20 6.67 11.91 78 5 15 6.67 3.27
16 2.9 20 13.33 11.90 79 5 15 13.33 3.45
17 2.9 20 20.00 11.84 80 5 15 20.00 4.04
18 2.9 20 26.67 11.97 81 5 15 26.67 3.45
19 2.9 25 0.83 19.51 82 5 20 0.83 6.53
20 2.9 25 1.67 21.95 83 5 20 1.67 5.87
21 2.9 25 2.50 18.19 84 5 20 2.50 5.94
22 2.9 25 3.33 18.01 85 5 20 3.33 5.58
23 2.9 25 4.17 16.85 86 5 20 4.17 5.05
24 2.9 25 6.67 15.28 87 5 20 6.67 5.13
25 2.9 25 13.33 15.10 88 5 20 13.33 5.07
26 2.9 25 20.00 14.98 89 5 20 20.00 5.44
27 2.9 25 26.67 14.55 90 5 20 26.67 5.35
28 2.9 30 0.83 25.32 91 5 25 0.83 8.35
29 2.9 30 1.67 22.33 92 5 25 1.67 7.54
30 2.9 30 2.50 20.32 93 5 25 2.50 5.61
31 2.9 30 3.33 19.10 94 5 25 3.33 5.31
32 2.9 30 4.17 18.55 95 5 25 4.17 6.44
33 2.9 30 6.67 20.35 96 5 25 6.67 4.50
34 2.9 30 13.33 18.92 97 5 25 13.33 5.74
35 2.9 30 20.00 17.41 98 5 25 20.00 6.02
36 2.9 30 26.67 16.74 99 5 25 26.67 5.85
37 3.84 15 0.83 5.84 100 5 30 0.83 12.01
38 3.84 15 1.67 5.29 101 5 30 1.67 11.76
39 3.84 15 2.50 5.05 102 5 30 2.50 11.01
40 3.84 15 3.33 4.72 103 5 30 3.33 10.65
41 3.84 15 4.17 4.64 104 5 30 4.17 9.75
42 3.84 15 6.67 4.78 105 5 30 6.67 9.03
43 3.84 15 13.33 4.68 106 5 30 13.33 8.55
44 3.84 15 20.00 4.78 107 5 30 20.00 8.31
45 3.84 15 26.67 5.32 108 5 30 26.67 8.37
46 3.84 20 0.83 10.19 109 6 25 0.83 5.54
47 3.84 20 1.67 9.57 110 6 25 1.67 4.89
48 3.84 20 2.50 9.23 111 6 25 2.50 4.44
49 3.84 20 3.33 8.60 112 6 25 3.33 3.15
50 3.84 20 4.17 8.49 113 6 25 4.17 3.08
51 3.84 20 6.67 7.84 114 6 25 6.67 3.39
52 3.84 20 13.33 7.30 115 6 25 13.33 3.88
53 3.84 20 20.00 7.23 116 6 25 20.00 4.22
54 3.84 20 26.67 7.39 117 6 25 26.67 3.95
55 3.84 25 0.83 14.86 118 6 30 0.83 9.25
56 3.84 25 1.67 12.96 119 6 30 1.67 8.53
57 3.84 25 2.50 12.74 120 6 30 2.50 7.61
58 3.84 25 3.33 12.58 121 6 30 3.33 7.15
59 3.84 25 4.17 11.54 122 6 30 4.17 6.79
60 3.84 25 6.67 11.47 123 6 30 6.67 5.98
61 3.84 25 13.33 10.21 124 6 30 13.33 5.93
62 3.84 25 20.00 10.03 125 6 30 20.00 6.47
63 3.84 25 26.67 9.58 126 6 30 26.67 6.13
Table 2.1 Range of experimental source conditions for turbulent bubble foun-
tains: Number of experiment (Exp.), nozzle diameter (dN ), water Ćux (QW0), air
Ćux (QA) and measured bubble penetration distance (HF ). The corresponding
values of Fr0 and Λ are displayed in Ągure 2.6.
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are visible. In Ągure 2.2 (c), dye has been added to the source liquid to visualise
the Ćow path of the liquid phase of the fountain Ćuid. This experiment shows
that the majority of the source liquid continues to travel downwards after the
bubbles have separated from the Ćow. The false-colour image highlights that
the amount of fountain liquid carried upwards by the rising bubbles is negligible.
For this experiment, the concentration of dye was kept very low so that it did
not have a signiĄcant inĆuence on the buoyancy of the Ćow. The images in
Ągure 2.2 (a) to (c) were obtained for the source conditions of experiment 14
in table 2.1 (Fr0 = 70; Λ = 5.4).
Figure 2.2 (d) contains an averaged fountain shape for a single-phase fountain
with the same source buoyancy and momentum Ćuxes as the multiphase bubble
fountains in panels (a) to (c). Comparison of the bubble fountain and the
single-phase fountain shows that for a given set of source Ćux conditions the
Ćuid in the single-phase fountain penetrates further into the ambient than
the bubbles in the bubble fountain. Furthermore, the single-phase fountain
collapses when it runs out of momentum and the dyed liquid ascends around
the central down-Ćowing fountain. This results in a collar-like annular up-Ćow
region that interacts with the jet-like down-Ćowing fountain core (BloomĄeld
and Kerr, 2000; Carazzo et al., 2010; Hunt and Burridge, 2015). In the present
turbulent bubble fountains we did not observe such a collapsing Ćow around
the central fountain (cf. Ągure 2.2 (c)). By amplifying the light intensities and
changing the false colours used in the image shown in Ągure 2.2 (b), we can
identify a cylindrical region around the fountain core in which the bubbles rise
to the surface after separating from the liquid phase of the fountain Ćuid (cf.
Ągure 2.3 (a)). The image intensity in this region is less pronounced as the
concentration of bubbles is low compared to the fountain core and the bubbles
quickly rise to the surface and escape. The cartoon in Ągure 2.3 (b) summarises
the observations presented in Ągures 2.2 and 2.3 (a). The schematic shows that
the bubbles are carried downwards by the water jet up to the point at which
the liquid velocity in the fountain core matches the slip velocity of the bubbles.
At this point the bubbles can separate from the Ćow and they rise upwards in
the cylindrical region shown in Ągure 2.3 (a). The fountain liquid continues to
propagate downwards owing to its residual momentum. The cartoon illustrates
the deĄnition of the maximum bubble penetration depth, HF , the nozzle radius,
b0, and the direction of the vertical co-ordinate z.
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Fig. 2.2 Illustrations of instantaneous (black and white image) and averaged
(false-colour images) fountain shapes. (a) Instantaneous image in which the
white regions denote light reĆected from the bubbles. The air bubbles reach
a maximum penetration depth of around 12 cm. The vertical red line deĄnes
the off-centre location of the time-series image shown in Ągure 2.4 (c). (b)
False-colour image in which the colour denotes a time-averaged intensity of the
reĆected light from the bubbles over an averaging period highlighted by the
red rectangle (I) in Ągure 2.4. (c) False-colour image of the bubble fountain
displayed in (b) with dyed source liquid. The averaging period corresponds to
rectangle (II) in Ągure 2.4. The liquid phase of the fountain Ćuid continues to
propagate downwards in the tank after the air bubbles have separated from the
liquid. The fountains shown in panels (a) - (c) correspond to experiment 14
(table 2.1) with Fr0 = 70 and Λ = 5.4. (d) False-colour image of a single-phase
fountain (fresh water injected into a salt water solution) in which the initial
buoyancy and momentum Ćuxes correspond to that of the bubble fountains
shown in panels (a) to (c). The single-phase fountain reaches a maximum
distance of around 18 cm below the nozzle and then all the fountain liquid rises
to the top of the tank.
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Fig. 2.3 (a) False-colour image of the averaged fountain proĄle recorded for
experiment 14 in table 2.1, corresponding to the fountain shown in Ągure 2.2
(a) to (c). In this Ągure, however, the image intensity has been ampliĄed
and the colour bar adjusted to visualise the cylindrical region in which the
air bubbles rise after having separated from the liquid phase of the fountain
Ćuid. (b) Cartoon summarising the experimental observations. The bubbles
separate from the Ćow at z = HF . At this point the liquid velocity equals the
bubble slip velocity, u(HF ) = uslip. The liquid phase of the fountain continues
to propagate as a simple jet owing to its residual momentum. The vertical
co-ordinate, z, is positive downwards.
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A second imaging technique utilises time-series images, taken through the
centre line of the fountain. This provides detailed information about the
evolution of maximum fountain height over time (Williamson et al., 2008). An
image of such a time-series is shown in Ągure 2.4 (a). The Ąrst six seconds
show the penetration of air bubbles into the tank up to a maximum distance of
around 12 cm measured from the base of the nozzle. After 6 seconds, the source
liquid is dyed to show that the liquid phase of the fountain Ćuid continues to
propagate downwards after the bubbles have separated from the Ćow. This
indicates that the liquid momentum Ćux is not exhausted at the maximum
bubble penetration depth. The two red rectangles labelled (I) and (II) deĄne
the time intervals over which the averaged fountain shapes in Ągure 2.2 (b) and
(c) have been computed.
Figure 2.4 (b) shows a time-series image of the maximum penetration
distance of a bubble fountain with an initial gas fraction of approximately 40%.
Although this is initially very gas rich, the mixing and dilution with ambient
liquid rapidly reduces the gas fraction. The region shaded in grey is the area
in which bubbles can be found. The red line marks the bottom border of the
bubble region and illustrates how the instantaneous bubble penetration depth
Ćuctuates over time, while the horizontal green line shows the time-averaged
fountain depth.
The image in Ągure 2.4 (c) shows a time-series of a vertical line, away from
the centre of the fountain (red line in Ągure 2.2 (a)). This time-series identiĄes
a series of rising bubbles, seen by the sloping lines. The majority of these lines
rise to the top of the image, indicating that bubbles rise beyond the top of the
fountain, and are not re-entrained.
The experimental set-up, in which we can independently control the Ćux of
air and water through a submerged nozzle, allows us to investigate the inĆuence
of variations in the source buoyancy Ćux for a Ąxed source momentum Ćux.
The four averaged fountain shapes displayed in false-colour in Ągure 2.5 were
obtained for the same source momentum Ćux, but the source buoyancy Ćux
increases from panel (a) to panel (d). The liquid and the gas enter the tank
through the same nozzle. Assuming that the gas and liquid have the same exit
velocity from the nozzle, then an increase in either the liquid Ćux or the gas
Ćux results in a larger nozzle exit velocity, as given by the relation
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Fig. 2.4 (a) Time-series of the vertical line through the centre of a turbulent
bubble fountain, shown in false-colour. For times less than 6 s, the image
represents the intensity of light reĆected from the bubbles. For times after
6 s, the liquid phase of the fountain Ćuid is dyed and may also be seen in
the false-colour image. Although the bubbles only penetrate to a depth of
approximately 12 cm, the liquid and hence dye continues downwards into the
tank. The two red rectangles mark the time intervals over which individual
frames have been averaged to extract averaged fountain shapes. These averaged
fountain contours are displayed in Ągure 2.2 (b) and (c). Figure 2.4 (b) shows
an enlarged image of the bubble penetration depth into the tank. The bubble-
laden region is shaded in grey. This image highlights the Ćuctuation of fountain
height with time, shown as a red line. The bubble penetration depths listed in
table 2.1 correspond to the average fountain height shown as a green horizontal
line. (c) Time-series of a vertical line, off-centre of the fountain as indicated by
the red line in Ągure 2.2 (a). All lines have a similar gradient implying that the
rise speed of the bubbles is uslip = 28± 4 cm/s. The straightness of the lines
reĆects the rapid adjustment of the bubbles to their terminal rise speed. The
majority of the inclined lines extend to the top of the image suggesting that
very few bubbles are re-entrained into the fountain.
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u0 =
QW0 +QA
π b20
=
QW0
π b20 (1− C0)
(2.4)
where QW0 and QA are the source volume Ćuxes of water and air, respectively
and C0 is the gas volume fraction inside the nozzle, given by
C0 =
QA
QW0 +QA
. (2.5)
Our assumption that the nozzle exit velocities of the liquid and gas are equal
in magnitude is motivated by the observation that the bubble diameters (dB =
2 - 5 mm) are comparable in size to the nozzle diameters (dN = 3 - 6 mm).
The source momentum Ćux is proportional to the square of the initial
velocity, u0. The momentum Ćux is carried almost completely by the liquid
phase of the fountain Ćuid as the density of air is three orders of magnitude
smaller than the density of water. The source momentum Ćux can thus be
written as
M0 ≈ (1− C0) π b20 u20. (2.6)
Fountains with the same initial liquid Ćow rate and the same nozzle exit velocity
have comparable initial momentum Ćuxes, irrespective of the air Ćow rate. At a
constant liquid Ćux, the nozzle exit velocity can be kept constant by increasing
the nozzle radius and simultaneously increasing the air Ćow rate such that
u0 remains unaffected. Following this procedure, we can investigate fountains
with a constant source momentum Ćux but varying buoyancy Ćuxes. Figure
2.5 shows that increasing the initial gas volume fraction from (a) 8% to (d)
78% yields a height reduction of around 9 cm or 60%, despite the fact that
the source momentum Ćux remains constant. In single-phase fountains there is
a decrease in fountain height when the buoyancy Ćux is increased for a given
source momentum Ćux (Hunt and Burridge, 2015; Morton et al., 1956; Turner,
1966). However, models describing the maximum penetration depth of bubbles
in bubble fountains produced by a liquid jet plunging through the surface of a
liquid reservoir have neglected the inĆuence of the buoyancy Ćux (e.g. Clanet
and Lasheras (1997)). With the present experimental set-up, we show that, as
may be anticipated from the single-phase fountain results, the source buoyancy
Ćux can indeed have a signiĄcant effect on the maximum bubble penetration
depth.
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Fig. 2.5 Four averaged fountain shapes (averaging period = 10 s) at the same
constant momentum Ćux with different buoyancy Ćuxes. The source gas volume
represents a fraction of (a) 8% (b) 47% (c) 69% and (d) 78% of the total volume
of Ćuid issuing from the nozzle. The images are shown in false-colour produced
from the reĆection of light by the bubbles in the fountain. No dye was used in
the liquid phase of the fountain Ćuid in these experiments.
2.3.2 Scaling of experimental results
Figure 2.6 (a) shows the values of Fr0 and Λ used in each of our experiments.
The colour-coding indicates the measured bubble penetration depth in centime-
tres. Experiments reported by Turner (1966) and Hunt and Burridge (2015)
suggest that the height of rise of single-phase fountains with Fr0 > 4 scales as
HFsingle−phase = 2.46
m
3/4
0
|f0|1/2 (2.7)
where m
3/4
0 /|f0|1/2 is a characteristic length scale of the fountain.
Mingotti and Woods (2016) showed that particle-laden fountains behave
similarly to single-phase fountains if ΛP = ufall/uF << 1, where ufall is the
terminal fall velocity of a single particle in water. For values of ΛP greater
than unity, however, the rise height of the particles decreases compared to that
of a single-phase fountain. By analogy, in the present problem, we compare the
terminal rise velocity of a bubble, uslip, with the characteristic fountain velocity,
uF . We Ąnd that uslip has a value of 28± 4 cm/s, in accord with published
data (Clift et al., 2005, p.172). This slip velocity is large compared to the
characteristic fountain velocity, uF , in our experiments so that we did not access
the region Λ < 1. Our experimental data, however, conĄrms that the maximum
bubble penetration depth decreases with Λ for Λ > 2 and that these depths are
smaller than the height of the analogous single-phase fountain. Indeed, Ągure
2.6 (b) illustrates the maximum penetration distance of bubbles, normalised by
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Fig. 2.6 (a) Illustration of the Fr0-Λ-space covered by our new experiments.
The colour-coding speciĄes the bubble penetration distance in centimetres. (b)
Illustration of the bubble penetration distance, HF , normalised by the scaling
for the height of a single-phase fountain, m
3/4
0 f
−1/2
0 , as a function of Λ, the ratio
of bubble slip speed and characteristic fountain velocity. The colour-coding
speciĄes Fr0.
the characteristic single-phase fountain length scale, m
3/4
0 |f0|−1/2, as a function
of Λ = uslip/uF . The colour-coding speciĄes the source Froude number for each
of the 126 data points. Error bars have been omitted for clarity; these are
shown in Ągure 2.9. For reference, with this scaling for the length, a classical
single-phase fountain would reach a dimensionless height of 2.46. Figure 2.6
(b) shows that the non-dimensional height decreases as Λ increases. There is
also a trend in the colour-coding which indicates that for a given value of Λ,
experiments with higher values of Fr0 have systematically larger heights than
experiments with lower Fr0 (Ągure 2.6 (b)). In the next section, we develop a
model for the bubble fountain in an attempt to understand these data.
2.4 A theoretical model
Theoretical models for turbulent single-phase fountains have been based on
conservation equations for horizontally-averaged momentum, buoyancy and
volume Ćuxes (BloomĄeld and Kerr, 2000; McDougall, 1981; Morton et al.,
1956; Turner, 1966). We build on this approach to describe the bubble fountains
produced from a co-Ćowing stream of air and water issuing from a submerged
nozzle, as described above. On its own, the liquid stream would behave as a jet,
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decelerating as it entrains ambient liquid. The gas phase, however, introduces
buoyancy effects, leading to a more rapid deceleration of the Ćow up to the
point of bubble separation, which is assumed to occur when the magnitude of
the bubble rise speed matches the downward speed of the fountain liquid. The
bubbles are modelled to have a descent speed equal to the difference between
the liquid velocity and their rise speed, uB(z) = u(z) − uslip; we justify this
simpliĄcation in section 2.6 in which we compare the predictions of the present
simpliĄed model with a more detailed model in which we account for the change
in speed of bubbles relative to the liquid over time. Note that the rise speed of
all bubbles in the size range 2 to 5 mm, which is characteristic of the present
bubble fountains, is similar at approximately 28± 4 cm/s (Clift et al., 2005,
p.172). Hence, as a Ąrst approximation, we assume there is a single rise speed.
We introduce the variables C˜(z, r), u˜B(z, r) and u˜(z, r) to represent the
time-averaged gas volume fraction, gas speed and liquid speed in the fountain as
a function of the vertical coordinate z and radial coordinate r. We denote the
horizontally-averaged top-hat volume fraction, C(z), gas velocity uB(z), liquid
velocity u(z) and fountain radius b(z), in terms of the volume Ćux, QW (z) =
π qW (z), gas Ćux, QA(z) = π qA(z), and momentum Ćux, M(z) = π m(z) in
the fountain, according to the relations
qA(z) =
∫
∞
0
C˜(z, r) 2 r u˜B(z, r) dr = C(z) b(z)
2 (u(z)− uslip). (2.8)
qW (z) =
∫
∞
0
(1− C˜(z, r)) 2 r u˜(z, r) dr = (1− C(z)) b(z)2 u(z) (2.9)
m(z) ≈ mW (z) =
∫
∞
0
(1− C˜(z, r)) 2 r u˜(z, r)2 dr = (1− C(z)) b(z)2 u(z)2
(2.10)
where (1 − C(z)) is the liquid volume fraction. In evaluating the total
momentum Ćux of the fountain, we should, in principle, account for the sum
of the momentum carried by the gas and the liquid phase. However, as the
density of air is three orders of magnitude smaller than the density of water,
the contribution of the gas phase to the overall momentum is negligible and so
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in equation 2.10 we only account for the momentum Ćux of the liquid phase of
the fountain Ćuid.
In the model, we assume that on leaving the nozzle, the vertical bubble
velocity rapidly adjusts to the value u0 − uslip, where the terminal bubble rise
speed is uslip ≈ 28 cm/s. As a simpliĄcation we estimate the properties of
the Ćow beyond this adjustment zone by assuming conservation of volume,
momentum and gas Ćux across this zone. We denote the Ćow in the nozzle and
downstream of the adjustment zone with the subscripts 0 and 1, respectively,
leading to the relations:
(1− C0) b20 u0 = (1− C1) b21 u1 (2.11)
(1− C0) b20 u20 = (1− C1) b21 u21 (2.12)
C0 b
2
0 u0 = C1 b
2
1 (u1 − uslip). (2.13)
In section 2.6, we show that the predictions of this model, in which we
assume rapid adjustment of the bubble speed on leaving the nozzle (equations
2.11 - 2.13), are within 3% of those of a more complete model, in which we
allow the bubble speed relative to the liquid speed to adjust owing to the effects
of both the bubble buoyancy and the drag between the bubble and the liquid.
In this section, we now develop a model for the bubble fountain, assuming the
bubble speed has value u− uslip beyond the nozzle.
In the experiments we did not observe signiĄcant re-entrainment of bubbles
back into the descending fountain Ćow. Indeed, Ągure 2.4 (c) shows that most
bubble traces extend all the way to the top of the image, indicating that
after they have separated from the fountain, the bubbles rise to the surface
and escape, rather then being re-entrained into the fountain core. To help
understand these observations, in section 2.7 we calculate the trajectory of an
air bubble which separates from the fountain at z = HF and R(HF ) = bmax, the
outer radius of the fountain. As the bubble rises, it migrates inwards towards
the fountain owing to the radial velocity Ąeld associated with the entrainment.
However, the rise speed is so large that the bubbles only migrate a small radial
distance prior to reaching the free surface, and hence are not re-entrained.
Therefore, in the model of the fountain we assume the gas Ćux is independent
of depth
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d
dz
(qA) = 0. (2.14)
The volume Ćux of water in the fountain continually increases with distance
owing to the entrainment (cf. Morton et al. (1956))
d
dz
(qW ) = 2 α m
1/2 = 2 α b(z) u(z)
√
1− C(z). (2.15)
Finally, the rate of change of momentum in the vertical direction can be
expressed as
d
dz
(m) = − g′(z) b(z)2 = − g C(z) b(z)2 (2.16)
where the minus sign is associated with the negative buoyancy force of the
bubbles. It should be noted that our model applies to light fountains which
initially propagate downwards. The model is strictly valid for the region in
which u(z) > uslip, so that the bubbles are carried down by the fountain. As
we approach the point where u(z)→ uslip, the bubbles will separate from the
Ćow and the Ćux of air, qA, rapidly decreases. Since we assume the bubbles
all have a similar rise speed, we can use the model to estimate the maximum
depth reached by the bubbles, by Ąnding the point where u(z) = uslip. As
we approach this point, the model predicts that the radius diverges, since
in the model the bubble Ćux is a constant (equation 2.14); in practice, the
turbulent Ćuctuations lead to a range of depths around this height at which the
bubbles actually separate, while the liquid phase of the fountain Ćuid carries
on downwards beyond the point of separation (Ągure 2.2 (c)). In this context,
it is worth noting that integral models of turbulent plumes and fountains often
predict a divergence of the radius as the Ćow approaches the maximum distance
from the source (Morton et al., 1956).
To proceed, it is useful to scale the momentum and water Ćuxes relative to
their initial values, and the distance relative to the length-scale of the equivalent
single-phase fountain, leading to the dimensionless variables
mˆ =
m
m0
qˆ =
qw
qw0
zˆ = z
f
1/2
0
m
3/4
0
= z
(C0 b
2
0 u0 g)
1/2
m
3/4
0
. (2.17)
Equation 2.14 implies that the gas Ćux and therefore the buoyancy Ćux, f0,
is a constant. The remaining two equations may be expressed in dimensionless
form
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dmˆ
dzˆ
=
−1
Fr0
(
1
mˆ
qˆ
− 1
Fr0
Λ

(2.18)
and
dqˆ
dzˆ
= Fr0 2 α mˆ
1/2. (2.19)
These equations illustrate the inĆuence on the Ćow of the source Froude
number, Fr0, and the ratio of bubble slip speed to characteristic fountain
velocity, Λ = uslip/uF .
The only free parameter in the model is the entrainment coefficient, α.
By comparison of the model prediction with the actual fountain penetration
distance for each of the 126 experiments we have run, we Ąnd that the value α
= 0.04 ± 0.004 minimises the Root-Mean-Square error,
e =
√√√√ 1
126
126∑
n=1
(HModel(i)−HExp(i))2, (2.20)
where HModel(i) and HExp(i) are the model prediction and the experimental
observation of the maximum height reached by the bubbles for experiment i
(see Ągure 2.7 (a), solid line). We have also calculated
e2 =
1
126
126∑
n=1
HExp(i)−HModel(i)
HExp(i)
(2.21)
which corresponds to the mean value of the difference between the theoretical
prediction of the bubble penetration distance and the experimentally observed
bubble penetration distance, as a fraction of the experimental measurement,
using the data from all our experiments. In Ągure 2.7 (a), e2 is shown as a
function of α with the dotted line. It is seen that e2 = 0 when α = 0.04 and
that this value minimises the RMS error. In Ągure 2.7 (b) we illustrate the ratio
of the experimentally measured bubble penetration depth and the theoretical
prediction, plotted as a function of the source Froude number, Fr0. For our
set of 126 experiments we Ąnd a standard deviation of the bubble penetration
distance, σSD, of 11.5% and a maximum difference between the data and the
model prediction of approximately 30%. This estimate of the entrainment
coefficient, α, is approximately one half of the entrainment coefficient found
by BloomĄeld and Kerr (2000) for single-phase fountains. We suggest this
difference may be associated with the rising bubbles which act to suppress
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Fig. 2.7 (a) Root-Mean-Square error (RMSE, solid line) and the error in the
prediction of the mean penetration distance as a fraction of the experimentally
observed value (dashed line), as a function of the entrainment coefficient
α. Both errors have their absolute minimum at α = 0.04. (b) Comparison of
experimental data and model prediction for the penetration depth of the bubbles,
HExp/HModel, as a function of source Froude number with a logarithmic scaling
on the x-axis (10 < Fr0 < 240) for an entrainment coefficient of α = 0.04.
The 126 data points have a mean value of 1.02 (shown as a solid horizontal
line) with a standard deviation of 0.115 (shown as the two dashed horizontal
lines). The maximum deviation between experimental measurement and model
prediction is approximately 30%.
the formation of large-scale turbulent eddies which drive the entrainment. A
similar effect was reported by Neto et al. (2016).
The structure of the fountain, as predicted by the non-dimensional model, is
displayed in Ągure 2.8. The cartoon of the fountain in Ągure 2.3 (b) highlights
that the fountain height is measured so that the downward direction is positive.
The three panels in Ągure 2.8 show how the dimensionless momentum Ćux,
volume Ćux and liquid velocity develop as one travels downwards through
the fountain. All model solutions were obtained for Fr0 = 100 and each plot
contains three lines for Λ = 0, Λ = 1 and Λ = 3. Only when Λ = 0, does
the momentum of the fountain Ćuid fall to zero as the fountain reaches its
maximum depth. For Λ > 0, the momentum Ćux is still positive at the point
at which the bubbles separate from the Ćow.
Figure 2.8 (b) highlights the importance of the entrainment of ambient water
into the fountain. The liquid Ćux rapidly increases so that the fountain Ćuid is
soon dominated by entrained liquid rather than the initial source Ćuid. The
liquid velocity, plotted in Ągure 2.8 (c), rapidly decreases after leaving the nozzle
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Fig. 2.8 Variation of the non-dimensional momentum Ćux (a); volume Ćux (b);
velocity (c) as a function of the distance below the source. Curves are given for
the parameter values Λ = 0 (dashed), Λ = 1 (dotted) and Λ = 3 (solid), and in
this case for Fr0 = 100.
but remains positive, except in the case Λ = 0. Solutions of the non-dimensional
model presented in equations 2.18 and 2.19 also allow for an investigation of
the inĆuence of Fr0 and Λ on the penetration depth of the bubbles. Figure
2.6 (b) shows that the experimental measurements of non-dimensional height
decrease as Λ increases and Fr0 decreases. This Ąnding is consistent with the
model predictions as seen in Ągure 2.9, which illustrates the predictions of the
bubble penetration distance as a function of Λ for four different values of Fr0
and compares these with our experimental measurements.
The three panels in Ągure 2.9 divide the experimental data into three
sets of results: (a) a high Froude number range with 40 < Fr0 < 240, (b)
an intermediate range with 20 < Fr0 < 40, and (c) all data points with
12 < Fr0 < 20. The lines represent the model predictions for source Froude
numbers of 10, 20, 40 and 240. Figure 2.9 (a) shows that the majority of the
data points for Fr0 > 40 lie between the model solution for Fr0 = 40 (blue
line) and Fr0 = 240 (green line). Similarly, the majority of the data points
for the intermediate and low Fr0 regimes also lie mostly between the lines
delineating the model predictions for the bounding values of Fr0. The error
bars included in this graph reĆect uncertainties in the source conditions: for
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Fig. 2.9 Comparison of the theoretical model with the experimental data plotted
as non-dimensional height as a function of Λ = uslip/uF . Each plot shows four
model solutions for Fr0 = 10, Fr0 = 20, Fr0 = 40 and Fr0 = 240. Panel
(a) contains all data points with 40 < Fr0 < 240. Similarly, (b) shows the
experimental data for 20 < Fr0 < 40 and (c) contains the data points for
12 < Fr0 < 20.
our experimental system, the liquid Ćux is known to an accuracy of ±5% and
the air Ćux is known to an accuracy of ±10%.
2.5 Comparison with bubble fountains produced
by plunging jets
In our experimental set-up, shown in Ągure 2.1, the nozzle is submerged in
water and this allows for independent control of the air and the water Ćux at
the source. However, turbulent bubble fountains in water are also produced
when a pure downward propagating liquid jet enters the free surface of a tank
of water. At the plunging point, the jet entrains air from the environment,
producing a bubble fountain. A schematic of this set-up is shown in Ągure
2.11 (a). In this case, the amount of entrained air is a dependent parameter,
controlled by d0, LJ and u0, the diameter, length and velocity of the plunging
jet, respectively (Biń, 1993; Clanet and Lasheras, 1997).
Turbulent bubble fountains generated by plunging liquid jets are frequently
employed in the process industry, for waste water treatment and for lake
restoration (Biń, 1993). Clanet and Lasheras (1997) have investigated such
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fountains and have proposed a model for the depth of penetration of bubbles
entrained by such plunging water jets which takes the form
HF
2b0
=
1 + tan(12.5◦)
2 tan(12.5◦)
u0
uslip
. (2.22)
This model is very different to our new model for submerged bubble fountains
(presented in section 2.4) as it does not account for the effects of buoyancy;
the maximum bubble penetration depth is independent of the air Ćux, QAir.
Clanet and LasherasŠ model assumes a Ąxed spreading angle of 12.5◦ and a
constant bubble slip velocity of uslip = 22 cm/s. The only free parameters in
equation 2.22 are the jet diameter and velocity, d0 and u0. As stated in section
2.2, the initial momentum Ćux in the water jet is m0 = b
2
0u
2
0 = d
2
0u
2
0/4. Clanet
and LasherasŠ model, given by equation 2.22, can therefore be written in terms
of m0 according to the relation
HF ≈ 25 b0 u0 = 25m1/20 (2.23)
This expression, which does not account for the effects of the gas phase,
corresponds to the evolution of a simple single-phase jet, decelerating as it
entrains ambient water. The equivalent entrainment coefficient would be 0.07.
A simple decelerating jet would propagate over very long distances. Clanet
and Lasheras, however, deĄne the point at which the fountain liquid velocity
matches the bubble rise speed as the point of maximum bubble penetration
depth, u(zmax) = uslip.
Clanet and LasherasŠ model, expressed in simpliĄed form in equation 2.23,
depends only on the initial momentum Ćux. No account of the bubble buoyancy
on the dynamics of the fountain is included. With our new experimental set-up
with a submerged nozzle, however, we were able to vary the buoyancy Ćux for a
given momentum Ćux. In Ągure 2.5, we clearly show that the maximum bubble
penetration depth decreases for larger buoyancy Ćuxes at a constant initial
momentum Ćux. We conducted this investigation for four initial momentum
Ćuxes. For each momentum Ćux we produced fountains with four different gas
fractions ranging from 10% to 80%, resulting in a total of 16 data points. The
reduction in fountain height with increasing gas volume fraction is displayed in
Ągure 2.10. The sloped lines describe the best linear Ąt through the bubble
penetration distance measurements for a Ąxed source momentum Ćux. Clanet
and LasherasŠ model (equation 2.19) does not depend on the gas fraction and
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therefore predicts a constant bubble penetration depth for a given momentum
Ćux. This prediction is plotted as a short horizontal line at the intersection of
the best-Ąt line and the model prediction. This point of intersection serves as a
rough approximation for the gas Ćux entrained by the plunging jet experiments
of Clanet and Lasheras (1997).
Even though Clanet and LasherasŠ model neglects the inĆuence of buoyancy
on the maximum bubble penetration depth, their predictions are in very good
agreement with their experimental data. A resolution of this seems to be that
the model of Clanet and Lasheras implies an entrainment coefficient of about
0.07, which is much larger than we have determined for our model (section 2.4).
The enhanced entrainment predicts a faster deceleration of the fountain and
this compensates for the lack of the negative buoyancy force associated with
the bubbles, which also acts to decelerate the fountain.
We can re-interpret the experimental data on the penetration depth of the
bubble fountains produced by a plunging jet provided by Clanet and Lasheras
(1997) using our new theoretical model. The liquid and momentum Ćuxes at
the source are known as well as the measured bubble penetration depth. For
each data point we can therefore Ąnd a gas Ćux so that the maximum bubble
penetration distance predicted by our new model corresponds to the published
fountain height measurement. Figure 2.11 illustrates the prediction of the ratio
of the Ćux of entrained air as a fraction of the source liquid Ćow rate, QA/QW0 ,
as a function of the dimensionless parameter Ω = u20/(gd0), where d0 is the
nozzle diameter. Although there is no data on the actual gas Ćux in these
speciĄc plunging jets, we can nevertheless check if our predictions are consistent
with empirical laws which have been published for the rate of entrainment of
air into similar plunging jets. For example, we compare our results with two
empirical relationships ((Van de Donk, 1981) (dashed line) and (Ohkawa et al.,
1986) (solid line)) between the bubble penetration distance and the ratio of gas
Ćux to liquid Ćux which are based on experimental measurements (Biń, 1993).
Our estimates of the gas Ćux entrained into the plunging liquid jets reported
by Clanet and Lasheras (1997) are consistent with these empirical relations;
indeed the majority of our predictions fall between those of the two empirical
models. This statement holds true for both the model presented in section 2.4
and for the model presented in section 2.6 which allows for an adjustment in
bubble velocity. The predictions for the Ćux of entrained air of the two models
agree to within 3%. We do note that some caution is required since there is a
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Fig. 2.10 Variation of the maximum bubble penetration depth for fountains
with the same initial momentum Ćux. The source momentum Ćux was kept
constant by Ąxing the liquid volume Ćux and adjusting nozzle diameter and
air Ćux such that the source velocity, u0, remains unchanged. Each of the
sloped lines is a linear best-Ąt through four fountain height measurements at a
constant momentum Ćux, m0 = qW0u0, but varying source gas Ćuxes. Increasing
the source gas Ćux at a Ąxed momentum Ćux yields a reduction in bubble
penetration depth. The dashed line (3rd line from the top) corresponds to the
averaged fountain shapes shown in Ągure 2.5. The horizontal lines correspond
to the height predicted by the model presented by Clanet and Lasheras (1997).
non-negligible difference between the two empirical models plotted in Ągure
2.11.
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Fig. 2.11 (a) Schematic of a bubble fountain generated by a liquid jet plunging
through a liquid surface. The curved arrows represent the air entrainment
at the plunging point. For bubble fountains in water this air Ćux, QA, is
Ąxed for a given jet diameter, d0, jet length, LJ , and jet velocity, u0. (b) The
new theoretical model was applied to existing experimental data (Clanet and
Lasheras, 1997) to calculate the amount of air entrained by plunging liquid
jets based on the source momentum Ćux of the water jet and the maximum
penetration depth of the resulting bubble fountain. The ratio of entrained gas
to initial liquid Ćux, QA/QW0 , for these data points, shown as black squares, is
plotted as a function of Ω = u20/(gd0). The data points are compared against
empirical Ąts (Ohkawa et al., 1986; Van de Donk, 1981) to show that the new
model can be used to calculate a Ąrst approximation of the entrained gas Ćux
for plunging water jets.
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2.6 Adjustment of the bubble velocity inside
the fountain
The theoretical model presented in section 2.4 assumes that on exiting the
nozzle and adjusting, the downward velocity of the gas phase, uB, differs from
the downward liquid velocity, u, by a constant equal to the bubble rise speed,
∆u = u− uB = uslip = 0.28 m/s (see equation 2.8). Inside the nozzle, however,
we assume that the velocities of the gas and the liquid phase are equal in
magnitude since the gas bubbles are observed to be of comparable radius to
the radius of the nozzle (see equation 2.4). Our assumption that the gas
bubbles rapidly decelerate until attaining the constant slip velocity, ∆u = uslip,
is a simpliĄcation since the adjustment in bubble speed occurs over a Ąnite
adjustment length. We now show that provided this adjustment length is short
compared to the length scale over which the momentum Ćux evolves, then this
simpliĄcation does not have a large effect on the prediction of the maximum
penetration distance of the bubbles in the fountain. The main effect of the
bubble slip velocity on the motion of the fountain relates to its impact on the
buoyancy force. Provided that the length scale over which the bubbles adjust
to the terminal speed relative to the liquid is short compared to the length
scale over which the buoyancy forces are important, then the buoyancy and
momentum Ćux of the jet beyond the transition region is similar to that at the
source. In this section, we explore this simpliĄcation in some detail. To this
end, we introduce a further equation which accounts for the deceleration of the
gas phase relative to the liquid
(ρair+
1
2
ρw)
4
3
πR3B
d
dt
(∆u) =
4
3
πR3Bg(ρw−ρair)−CD(ReB)πR2B
1
2
ρw∆u
2. (2.24)
The term in brackets on the left hand side accounts for the added mass effect
owing to the displacement of ambient liquid around the bubble. The Ąrst term
on the right-hand side is the buoyancy force experienced by a single bubble. The
second term on the right-hand side provides a representation of the total drag
on the bubble, where CD(ReB) is the drag coefficient, RB is the bubble radius
and d
dt
(∆u) describes the bubble deceleration relative to the liquid velocity in
the vertical direction. The bubble Reynolds number is deĄned in terms of the
2.6 Adjustment of the bubble velocity inside the fountain 39
liquid density, ρw, the relative speed of the Ćuid and bubbles, ∆u, the Ćuid
viscosity, µw, and the bubble diameter, dB, according to the relation
ReB =
ρw ∆u dB
µw
. (2.25)
The drag coefficient, CD, is a function of the bubble Reynolds number and exper-
imental measurements (Turton and Levenspiel, 1986) have been approximated
by the empirical expression
CD(ReB) =
24
ReB
(1 + 0.173Re0.657B ) +
0.413
1 + 16300Re−1.09B
. (2.26)
The time derivative in equation 2.24 can be transformed into a spatial
derivative using the chain rule
d
dt
(∆u) = uB
d
dzB
(∆u) ≈ 2g′ − CD(ReB) 3
4RB
∆u2 (2.27)
where zB is the position of the bubble relative to the nozzle, and the vertical
velocity of the bubble, uB(z), has an initial value of uB(0) = u0 and adjusts
towards the value u− uslip when the bubble has travelled a distance of order
Z∗B from the nozzle. We can rewrite equation 2.27 in the form
d
dzB
(u)− d
dzB
(uB) ≈ 2g
′
uB
− CD(ReB) 3
4RB uB
∆u2. (2.28)
By combining this equation with the equations for conservation of mass, mo-
mentum and buoyancy, we can Ąnd the variation of the velocity, buoyancy and
radius of the fountain with distance from the source. Also the expression for
the gas Ćux, equation 2.8, is generalised to the form
qA(z) =
∫
∞
0
C˜(z, r) 2 r u˜B(z, r) dr = C(z) b(z)
2 uB. (2.29)
If we combine equation 2.28 with equations 2.9-2.16 we can then solve for the
motion of the bubble fountain. In Ągure 2.12 we illustrate a series of predictions
of the model presented in this section (solid lines) and we compare these with
the predictions of the simpliĄed model proposed in section 2.4 (dashed lines). In
Ągure 2.12 (a), we show the prediction of the magnitude of the buoyancy force
acting on a bubble (black line), the drag force acting on a bubble (red line), and
the acceleration of the bubble (blue line). The buoyancy force is matched by
the sum of the drag and the acceleration of the bubble (equation 2.24). Initially,
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on leaving the nozzle, the dominant balance is between the buoyancy and the
acceleration of the bubble. However, as the bubble speed adjusts in the Ąrst
10-20% of the total fountain height, the force balance becomes dominated by a
balance between the buoyancy force and the drag and subsequently the bubble
moves with the high Reynolds number near-constant slip velocity relative to
the liquid. In panel (b), we illustrate the model prediction of the velocity of
the fountain liquid (red and black) and the bubbles (blue) as a function of
depth. It is seen that the more complete model presented in this section (solid
blue line) leads to a delay in the deceleration of the bubbles compared to the
approximate model in section 2.4 (dashed blue line). However, there is little
difference in the predictions of the speed of the liquid in the fountain. Panel
(c) illustrates the rapid increase in the bubble Reynolds number as the bubbles
adjust to their slip speed in the upper 20% of the fountain. Panel (d) clariĄes
the evolution of the bubble slip speed (dashed line) with position in the jet,
as given by a local balance between the buoyancy force and the drag, as well
as the mean speed of the liquid (solid line), while panels (e) and (f) illustrate
that the momentum Ćux and volume Ćux of the fountain, as predicted by the
model presented in this section, is indistinguishable from the prediction of the
simpliĄed model given in section 2.4.
In Ągure 2.13 we compare the predictions of the bubble penetration depth
as given by the model in this section (labelled HuB) and the simpliĄed model
of section 2.4 (Hu−uslip). The data is plotted as a function of the source Froude
number for the conditions pertaining in all 126 experiments reported herein.
The difference between the predictions of the two models is less than 3%.
Figure 2.13 suggests that for the parameter space covered by our experiments,
the model predictions for maximum bubble penetration depth are insensitive
to the choice of initial gas phase velocity in the range from ∆u = 0 to ∆u =
uslip = 0.28m/s. This results from the fact that the length over which the
bubbles adjust to the liquid speed minus the high Reynolds number slip velocity
is short compared to the length scale over which the buoyancy Ćux begins
to inĆuence the momentum Ćux of the fountain. Figure 2.8 illustrates the
variation of the momentum Ćux, volume Ćux and velocity as a function of
depth. The Ągure illustrates that on exiting the nozzle, the liquid velocity
rapidly decreases, whereas the momentum Ćux in the vertical direction remains
constant for the Ąrst 20% of the distance travelled by the fountain. In the
parameter regime covered by the present experiments, the momentum Ćux
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Fig. 2.12 (a) Illustration of the evolution of the three terms of equation 2.28
as a function of normalised distance from the source. Initially, the bubble
decelerates owing to its buoyancy, but in steady state, the buoyancy is balanced
by the turbulent drag. (b) Evolution of the liquid and bubble velocity plotted
as a function of non-dimensional distance from the source. The dashed blue
and red lines correspond to the predictions of the simpliĄed model presented in
section 2.4 of this chapter. The solid blue line illustrates a gradual deceleration
of the bubble compared to the liquid (black line), as predicted by the model
which accounts for the evolution of the bubble velocity relative to the liquid,
presented in this section. (c) Plot of Reynolds number as a function of the
dimensionless distance from the source, as predicted by the model of section 2.6.
(d) Plot of normalised liquid velocity (solid line) and the difference between
liquid and bubble velocity (dashed line) as a function of fountain height, as
predicted by the model of section 2.6. (e) Evolution of momentum Ćux and (f)
liquid Ćux as a function of distance from the source. The red line corresponds to
the model in section 2.4 of this chapter and the black line shows the prediction
of the model presented in section 2.6. For all panels, the source conditions
correspond to experiment 1 in table 2.1 (Fr0 = 86).
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Fig. 2.13 Comparison of the model predictions of the maximum bubble penetra-
tion depth as predicted by the two models: HuB corresponds to the penetration
depth predicted by the model of section 2.6, which allows the bubble speed
relative to the liquid to vary with position, while Hu−uslip corresponds to the
model presented in section 2.4 of this chapter, in which the bubble is assumed
to have a constant slip velocity relative to the liquid. In the Ągure, the ratio
of HuB to Hu−uslip is shown as a function of the source Froude number for the
source conditions of all 126 experiments. The difference between the model
predictions is somewhat larger for higher Froude numbers, but is always less
than 3%.
of the fountain only begins to evolve once the bubbles have adjusted to a
downward velocity corresponding to uB = u − uslip. We can show this more
rigorously by comparing the length scales over which changes in bubble velocity,
volume Ćux and momentum Ćux occur in dimensionless form. To identify
scalings, some analysis of the governing equations is helpful. The right-hand
side of equation 2.28 can be rewritten in terms of its characteristic roots, which
are
∆u∗1,2 = ±
√√√√ 8g′ RB
3CD(ReB)
≈ ±
√
8g RB
3CD(ReB)
. (2.30)
Since the density of air is very small compared to the density of water the
effective buoyancy, g
′
, is approximately equal to the acceleration due to gravity,
g
′ ≈ g. Using these characteristic roots, equation 2.27 can be rewritten as
(u−∆u) d
dzB
(∆u) ≈ γ(∆u−∆u∗1)(∆u−∆u∗2) (2.31)
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where γ = 3CD(ReB)
4RB
. In our experiments the average bubble radius is about
1.5 mm, so that γ ≈ 500CD(ReB)m−1. The remaining two equations are
d(qW )
dz
=
d
dz
((1− C(z))b(z)2u(z)) = 2 α m1/2 = 2 α b(z) u(z)
√
1− C(z)
(2.32)
and
d(m)
dz
=
d
dz
((1− C(z))b(z)2u(z)2) = − g′(z) b(z)2 = − f0
uB
. (2.33)
Scaling the drag coefficient with the value at high Reynolds numbers,
CD∞ , we can deĄne a normalised drag coefficient, CˆD = CD(ReB)/CD∞ for
each value of ReB. We proceed by scaling the vertical coordinate, z, by
Γ = 3CD∞/(4RB) ≈ 250m−1 so that zˆ = zΓ. The remaining dimensionless
variables may be deĄned as
uˆ =
u
uslip
; ∆ˆu =
∆u
uslip
; ˆˆu =
u
u0
; V =
u0
uslip
; uˆ = V ˆˆu; bˆ =
b
b0
(2.34)
It is important to note that the right hand side of equation 2.30 can be expressed
in the form
us(ReB) =
√
8g RB
3CD(ReB)
=
√
1
CˆD
uslip (2.35)
where the constant high Reynolds number bubble slip speed is
uslip =
√
8g RB
3CD∞
. (2.36)
For our average observed bubble radius of 1.5 mm and a drag coefficient at high
Reynolds numbers of CD∞ ≈ 0.5 (Schlichting, 1979; Turton and Levenspiel,
1986) we Ąnd uslip = 0.28 m/s. With these scalings, equations 2.31 to 2.33 can
be written in dimensionless form as
ˆˆu− ∆ˆu
V
 d
dzˆB
(∆ˆu) ≈ 1
V
∆ˆu− 1√
CˆD
∆ˆu+ 1√
CˆD
 (2.37)
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d
dzˆ
((1− C)bˆ2 ˆˆu) = 2 α
b0Γ
bˆ ˆˆu
√
1− C (2.38)
ˆˆu− ∆ˆu
V
 d
dzˆ
((1− C)bˆ2 ˆˆu2) = − f0
V 3 u3slip Γ b
2
0
. (2.39)
In this form, the non-dimensional pre-factors on the right-hand side of each
equation allow for a comparison of how quickly the bubble velocity, liquid
Ćux and momentum Ćux adjust in the fountain. Equation 2.37 suggests that
with V >> 1, the length scale for the adjustment of the bubble speed is given
by Z∗Bubble = V . The corresponding length scale for the adjustment of the
momentum Ćux, as given by equation 2.39, is Z∗mmt =
V 3 u3
slip
Γ b2
0
f0
. Using the
parameter values corresponding to our 126 experimental source conditions,
we Ąnd
Z∗mmt
Z∗
Bubble
lies in the range 10-400 so we expect that the bubble speed
adjusts to the speed of the liquid minus the rise speed of the bubbles long
before the buoyancy force leads to a reduction in the momentum Ćux of the
fountain. We infer that the simpliĄed model presented in section 2.4 in which
we assume that uB(z) = u(z)− uslip provides a good approximate description
of the experimental fountains discussed in this chapter.
It is of interest to note from equation 2.38, that the entrainment of ambient
Ćuid into the fountain occurs over a length scale Z∗Ent =
b0Γ
2 α
. This is also
small relative to the length scale over which the buoyancy forces inĆuence the
momentum Ćux in the fountain. This illustrates that, in the initial stages of
the Ćow, the velocity decreases rapidly owing to the turbulent mixing, and
this leads to the rapid drop in velocity seen in Ągure 2.8. However, the rate
of entrainment is proportional to the product u(z) b(z)
√
1− C(z) and this
does not change across the transition region described by equations 2.11-2.13,
so that the entrainment process is insensitive to the initial speed of the gas
bubbles.
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2.7 Validating the assumption that the rising
bubbles are not re-entrained into the de-
scending core
In equation 2.14, we assume that the gas Ćux, and hence the buoyancy Ćux,
remains constant at all heights in the fountain. We now examine this approxi-
mation, which requires that the gas bubbles which separate from the fountain
liquid at z = HF are not re-entrained during their ascent. The bubbles separate
from the down-Ćowing liquid at the outer edge of the fountain, a distance
b(HF ) = bmax from the centre line, as shown by the cartoon in Ągure 2.14 (a).
We have measured this maximum fountain radius in our experiments. The ratio
of the maximum fountain radius, bmax, to the maximum bubble penetration
depth, HF , is plotted in Ągure 2.14 (b) as a function of Fr0. This graph shows
that the fountain radius decreases compared to the total fountain depth for
larger Froude numbers. The colour-coding further suggests a decrease in the
ratio of maximum fountain radius to fountain depth with Λ, highlighting that
both Fr0 and Λ are critical parameters controlling the fountain depth (see
Ągure 2.6 (b)) as well as the fountain radius.
The entrainment of ambient Ćuid into the fountain draws the rising gas
bubble towards the fountain core such that the distance of a rising bubble from
the centre line, R(z), decreases during the ascent from R(z = HF ) = bmax to
R(z = 0). If R(0) is larger than the initial fountain radius at the nozzle we can
assume that the bubbles are not re-entrained (Ągure 2.14 (a)). The vertical
bubble velocity corresponds to the bubble slip speed,
dz
dt
= −uslip. (2.40)
Note the coordinate system to the left of Ągure 2.14 (a) which speciĄes
that the vertical coordinate, z, is taken as positive downwards. The horizontal
velocity component depends on the entrainment velocity into the fountain as
well as the distance of the rising bubble from the edge of the fountain. The
entrainment velocity can be written as
uent(z) = α u(z)
√
1− C(z) (2.41)
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(see equation 2.15). Assuming that the entrainment velocity in the ambient
liquid is purely horizontal, then at radius R(z) > b(z), the horizontal velocity
component thus becomes
dR
dt
= −uent(z) b(z)
R(z)
= −α u(z)
√
1− C(z) b(z)
R(z)
. (2.42)
We can combine equation 2.42 with equation 2.40 and this results in the integral
relation −α
uslip
∫ z
HF
u(z) b(z)
√
1− C(z) dz =
∫ R(z)
bmax
R dR. (2.43)
Equation 2.43 can be rewritten to give an expression for R(z) in the form
R(z) =
√
b2max −
2α
uslip
∫ z
HF
u(z) b(z)
√
1− C(z) dz. (2.44)
The fountain liquid velocity, u(z), the fountain radius, b(z), and the gas fraction,
C(z), are all known from the fountain model (equations 2.8 - 2.10) so that the
integral can be solved numerically. In order that the bubble is not re-entrained
we require R(z) > b(z) for 0 < z < HF . We have tested this condition for
all 126 experiments we have conducted and found that in each case it holds.
For example, in Ągure 2.14 (c) we illustrate the value R(0) − b(0), for each
experiment, as a function of the source Froude number.
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Fig. 2.14 (a) Cartoon illustrating the trajectory of a rising air bubble, separating
from the fountain at z = HF and b(HF ) = bmax. The entrainment of ambient
liquid into the fountain deĆects the rising bubble towards the fountain core.
The variable R(z) denotes the distance of the rising air bubble from the centre
line of the fountain, shown as the vertical dot-dashed line. (b) Experimentally
determined ratio of maximum fountain radius, bmax, and bubble penetration
depth, HF , plotted as a function of the source Froude number. The colour-
coding speciĄes Λ. (c) The distance of the gas bubble from the outer edge of
the fountain at z = 0, R(0)− b(0), plotted as a function of the Froude number.
2.8 Summary
We have studied the dynamics of turbulent bubble fountains in fresh water with
a series of new experiments, complemented by a theoretical model based on
conservation of the volume, momentum and buoyancy Ćuxes. We show that the
penetration depth of the bubble fountains is controlled by the source Froude
number, Fr0, as well as Λ, the ratio of bubble rise speed to characteristic
fountain velocity. The predictions of the model are consistent with our new
experimental measurements of the penetration distance of the bubbles in the
case of an entrainment coefficient α = 0.04± 0.004. Our model assumes that
there is little re-entrainment of rising gas bubbles and this is motivated by the
observation that the bubble rise speed is large compared to the entrainment
velocity. We Ąnd that the bubbles separate from the fountain at the point where
the liquid velocity matches the bubble rise speed and the liquid phase of the
fountain Ćuid continues to travel downwards owing to its residual momentum.
We further show that the new theoretical model can be applied to estimate the
volume of air entrained by plunging water jets based on the observed bubble
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penetration distance.
In the following chapter, we explore the behaviour of low Reynolds number
bubble fountains in oil. We Ąnd that there is a range of bubble sizes and hence
bubble rise velocities. In chapters 4 and 5 we consider the case where the
ambient liquid lies in a conĄned space so that Ąlling-box effects need to be
considered (cf. Baines and Turner (1969)).
Chapter 3
Experimental study of low
Reynolds number fountains
3.1 Abstract
We present an experimental investigation of low Reynolds number bubble
fountains. These fountains are produced by issuing a mixture of air and oil
downwards through a nozzle submerged in an oil-Ąlled tank. Their source
Froude numbers range from 5 to 100 with the source Reynolds number ranging
between 10 and 80, indicating that the Ćow is not turbulent. The smallest
bubbles observed in the experiments have diameters less than the pixel size of
0.2 mm, the largest bubbles have diameters of up to 1 cm.
Dye visualisation experiments suggest that bubbles with diameters of less
than 1 mm do not separate from the fountain Ćuid, whereas the larger bubbles
do separate from the Ćow. We Ąnd that the maximum depth reached by the
smaller bubbles in these multiphase fountains agrees with the scaling observed
for high Froude number single-phase fountains with comparable Reynolds
numbers.
Experimental videos show that some of the smaller bubbles, carried upwards
by the return Ćow associated with the fountain, accumulate at the free surface
of the tank and form a bubble-rich layer which grows downwards into the
tank. This layer eventually grows past the maximum fountain height and
contaminates the entire tank. We hypothesize that the ratio of bubble rise
speed to background Ćow velocity in the tank determines the threshold in
bubble size below which all bubbles are carried to the bottom of the tank.
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We conĄrm this hypothesis in the subsequent chapter where we present a
quantitative investigation of multiphase fountains in conĄned spaces, motivated
by the qualitative Ąndings presented in this chapter.
3.2 Introduction
Our investigation of the penetration depth of low Reynolds number bubble
fountains in oil builds on the work on turbulent bubble fountains in water pre-
sented in the previous chapter. We note that there are some crucial differences
between bubble fountains in water and oil.
First, the source Reynolds number,
Re0 =
ρu0b0
µ
(3.1)
is inversely proportional to the viscosity of the ambient liquid, µ. Here, ρ is
the density of the liquid, u0 the nozzle exit velocity, and b0 the nozzle radius.
In our experiments we chose the source conditions to be comparable to the
parameters observed in lubrication systems of internal combustion engines.
Accordingly, the nozzle diameters range from 3 to 5mm, and the liquid Ćow
rates through these nozzles are in the range from 5 to 20 ml/s. The oil used in
the present experiments has a density of 890 kg/m3 and a viscosity of 0.055 Pa
s so that the source Reynolds numbers (cf. equation 3.1) are between 10 and
80, indicating that the Ćow is not turbulent. We therefore no longer assume
turbulent entrainment of ambient Ćuid as we did in chapter 2 where the source
Reynolds numbers were O(1000).
Second, in our model of turbulent bubble fountains presented in the previous
chapter, we assumed that the terminal rise velocity of air bubbles in water is
constant for bubble diameters between 2 and 6 mm (Clift et al., 2005). However,
this is not true for bubbles rising freely in oils. Haberman and Morton (1953)
presented a detailed set of experiments on gas bubbles rising in a mineral
oil with a density of 866 kg/m3 and a viscosity of 0.058 Pa s, both values
being comparable to the density and viscosity of the oil used in the present
experiments. They investigate bubbles with diameters, dB, between 0.4 and
40 mm and Ąnd that the terminal rise velocity increases with bubble size. For
the smallest bubbles (dB = 0.4mm) they record a rise velocity of 0.25 cm/s.
For bubbles with 2 mm diameter the rise speed increases to 4 cm/s and the
3.3 Experimental method 51
rise speed of bubbles with dB = 10 mm increases to 20 cm/s. In the present
experiments, the nozzle exit velocities are of the order of metres per second (cf.
table 3.1), so that most bubbles are carried through the fountain.
In the previous chapter we illustrated that turbulent air-water fountains
decelerate owing to (i) the turbulent entrainment of ambient liquid and (ii) the
negative buoyancy force provided by the bubbles. We estimated the maximum
bubble penetration depth as the distance from the source where the liquid veloc-
ity matches the constant terminal bubble rise speed of 28 cm/s. For comparison,
in this chapter we quantify the maximum bubble penetration depth in terms of
the source Ćuxes of buoyancy and momentum, and compare the results with
classical single-phase fountain data. We further present experimental evidence
that the smaller air bubbles do not separate from the liquid stream. The aim
of this investigation is to improve our understanding of the dynamics of bubble
fountains in viscous liquids.
In the second part of this chapter, from section 3.6 onwards, we discuss
the experimental observation that some of the small bubbles carried upwards
by the fountain do not have enough time to rise and escape through the free
surface. Instead, these bubbles accumulate underneath the free surface and
form a bubble rich layer which grows downwards into the tank. This bubble-rich
layer changes the effective ambient of the fountain. This aeration of oil by
bubble-laden fountains is also observed in the sump of internal combustion
engines (Baran, 2007). The bubbles reduce the lubrication capabilities of the oil
and introduce compressibility effects which may affect the hydraulic activation
of valves (Nemoto et al., 1997).
3.3 Experimental method
Low Reynolds number bubble fountains are produced by issuing a mixture
of oil and air downwards through a nozzle submerged by 5-10 cm in a tank
Ąlled with oil. The exact amount of oil that is supplied to the tank through
the nozzle is removed at the bottom of the tank to ensure a steady reservoir
level and to replicate the closed oil circulation system of internal combustion
engines. The air is supplied from a pressurised air line. The Perspex tank is
40 cm high, with a width and depth of 20 cm. A light sheet was mounted to
the back of the tank to provide uniform illumination. The apparatus is shown
as a CAD-drawing in Ągure 3.1 (a) and a simpliĄed schematic is shown in
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panel (b). The air Ćux was controlled via a Uniflux variable area Ćowmeter
and three round nozzles of diameter 2.9mm, 3.84mm and 5mm are used as
sources in the experiments. A Watson Marlow peristaltic pump is employed
to circulate the oil. A JAI SP − 5000 monochrome high-speed camera with a
1:28 HAMA lense is used to record high speed videos at a frame rate of 100
Hz for a duration of 10 s for the 48 experiments listed in table 3.1. This table
lists two groups of experiments. The experiments above the horizontal line
(M1-M12) form four sets of three experiments with the same source momentum
Ćux, but different buoyancy Ćuxes. The experiments below the horizontal line
(B1-B36) form 3 sets of 12 experiments with the same source buoyancy Ćux but
varying momentum Ćuxes. Each experiment in table 3.1 was repeated three
times and the parameters shown in the table correspond to the average values
of the three runs.
The viscosity of the vegetable oil (µoil ≈ 0.055Pa s) was measured with a
Kinexus rheometer and the surface tension (σoil ≈ 0.032N/m) was measured
via an optical method (Kruss DSA100 ).
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Fig. 3.1 (a) CAD model of the experimental apparatus. The peristaltic pump
(green) issues oil through the nozzle at the top of the tank and simultaneously
removes the same amount of liquid at the bottom to maintain a constant
reservoir level. The air Ćow rate is controlled by a Ćowmeter (on top of the
pump) connected to a pressurised air line. A light sheet is placed behind
the tank to provide uniform illumination. (b) Schematic of the experimental
apparatus. Labelled are the air Ćux, QA, the oil Ćux, Qoil, the fountain height,
HF , and the dimensions of the tank.
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Exp. b0 [mm] Qoil [
ml
s
] QA [
ml
s
] C0 [%] u0 [
m
s
] Fr0 HF [cm] M0e6 [
m4
s2
] B0e6 [
m4
s3
]
M1 1.45 7.50 0.83 10 1.26 33 5.51 9.46 8.175
M2 1.92 7.50 7.10 49 1.26 11 4.28 9.46 69.65
M3 2.50 7.50 17.3 70 1.26 7 4.34 9.46 169.4
M4 1.45 11.2 0.83 7 1.82 57 15.8 20.4 8.175
M5 1.92 11.2 9.89 47 1.82 17 7.13 20.4 97.04
M6 2.50 11.2 24.5 68 1.82 11 6.64 20.4 241.0
M7 1.45 14.8 0.83 5 2.37 85 19.1 35.0 8.175
M8 1.92 14.8 12.6 46 2.37 22 10.3 35.0 123.7
M9 2.50 14.8 31.7 68 2.37 14 9.15 35.0 310.7
M10 1.45 16.2 0.83 5 2.58 97 21.7 41.8 8.175
M11 1.92 16.2 13.7 46 2.58 24 11.7 41.8 134.1
M12 2.50 16.2 34.4 68 2.58 15 9.51 41.8 337.8
B1 1.45 7.50 0.83 10 1.26 33 5.43 9.46 8.175
B2 1.45 11.2 0.83 7 1.82 57 13.8 20.4 8.175
B3 1.45 14.8 0.83 5 2.37 85 20.7 35.0 8.175
B4 1.45 16.2 0.83 5 2.58 97 22.2 41.8 8.175
B5 1.92 7.50 0.83 10 0.72 16 3.14 5.40 8.175
B6 1.92 11.2 0.83 7 1.04 28 7.43 11.6 8.175
B7 1.92 14.8 0.83 5 1.35 42 10.7 20.0 8.175
B8 1.92 16.2 0.83 5 1.47 48 13.9 23.8 8.175
B9 2.50 7.50 0.83 10 0.42 8 1.46 3.18 8.175
B10 2.50 11.2 0.83 7 0.61 15 3.76 6.86 8.175
B11 2.50 14.8 0.83 5 0.80 22 6.78 11.8 8.175
B12 2.50 16.2 0.83 5 0.87 25 7.18 14.1 8.175
B13 1.45 7.50 3.33 31 1.64 23 5.77 12.3 32.70
B14 1.45 11.2 3.33 23 2.20 36 9.82 24.6 32.70
B15 1.45 14.8 3.33 18 2.75 51 14.7 40.6 32.70
B16 1.45 16.2 3.33 17 2.96 57 18.0 47.9 32.70
B17 1.92 7.50 3.33 31 0.94 11 3.89 7.02 32.70
B18 1.92 11.2 3.33 23 1.25 18 6.33 14.1 32.70
B19 1.92 14.8 3.33 18 1.57 25 10.4 23.2 32.70
B20 1.92 16.2 3.33 17 1.69 28 11.7 27.3 32.70
B21 2.50 7.50 3.33 31 0.55 6 3.26 4.14 32.70
B22 2.50 11.2 3.33 23 0.74 9 4.73 8.29 32.70
B23 2.50 14.8 3.33 18 0.92 13 6.72 13.7 32.70
B24 2.50 16.2 3.33 17 0.99 15 7.88 16.4 32.70
B25 1.45 7.50 20.0 73 4.16 30 7.06 31.2 196.2
B26 1.45 11.2 20.0 64 4.72 38 10.7 52.9 196.2
B27 1.45 14.8 20.0 57 5.27 47 13.6 78.0 196.2
B28 1.45 16.2 20.0 55 5.48 51 14.8 88.8 196.2
B29 1.92 7.50 20.0 73 2.37 15 5.14 17.8 196.2
B30 1.92 11.2 20.0 64 2.69 19 7.73 30.2 196.2
B31 1.92 14.8 20.0 57 3.00 23 10.0 44.5 196.2
B32 1.92 16.2 20.0 55 3.13 25 10.8 50.6 196.2
B33 2.50 7.50 20.0 73 1.40 8 4.21 10.5 196.2
B34 2.50 11.2 20.0 64 1.59 10 6.26 17.8 196.2
B35 2.50 14.8 20.0 57 1.77 12 8.36 26.2 196.2
B36 2.50 16.2 20.0 55 1.84 13 9.31 29.9 196.2
Table 3.1 Table specifying the range of source conditions for two sets of ex-
periments on low Reynolds number bubble fountains. The experiments above
the horizontal line form four sets of three experiments with the same source
momentum Ćux. The experimental set below the horizontal line comprises of
three sets of twelve experiments with constant source buoyancy Ćux. The table
lists: Number of experiment (Exp.), nozzle radius (b0), oil Ćux at the source
(Qoil), air Ćux at the source (QA), initial gas fraction (C0), nozzle exit velocity
(u0), source Froude number (Fr0), fountain height (HF ), source momentum
Ćux (M0), and source buoyancy Ćux (B0). Each experiment was run three
times and the listed fountain height, HF , corresponds to the average value.
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3.4 Experimental observations
An instantaneous image of a low Reynolds number bubble fountain in oil is
shown in Ągure 3.2 (a). We identify individual bubbles as spheres of low light
intensity. The smallest bubbles have diameters smaller than the width of an
individual pixel (dB < 0.2mm), while the largest bubbles have diameters of up
to 1 cm. The maximum propagation depth of the bubbles for this particular
fountain (experiment B14 in table 3.1) is just above 10 cm. The image in
Ągure 3.2 (a) suggests that there is a distribution of bubble sizes in both the
vertical and the horizontal direction. Smaller bubbles are carried deeper into
the tank and further away from the fountain centre line compared to bubbles
with larger diameters.
The time-averaged fountain shape is obtained by superimposing all 1000
instantaneous fountain images from the 10 s slow motion videos. An example
of such an averaged fountain shape is shown in Ągure 3.2 (b) in false-colour.
The colours in this Ągure represent a measure of the recorded light intensities.
Dark regions, or bubble-rich zones, are shown in red, clear Ćuid is shown in
blue. Panel (c) in Ągure 3.2 illustrates a time-series of a vertical line through
the centre of the fountain in false-colour. This image suggests that on the
fountain centre line the maximum bubble penetration depth oscillates around a
mean value of approximately 10 cm. Such time-series images were employed to
determine the maximum fountain depth for all experiments shown in table 3.1.
Each experiment was run three times. The fountain heights quoted in table
3.1 correspond to the mean value of the three runs. The average deviation of
fountain heights from this mean in the three runs was found to be 7%.
The Ąrst group of experiments (M1 to M12) consists of four sets of three
experiments with the same source momentum Ćux but varying buoyancy Ćuxes.
Owing to the negligible density of the air compared to the density of the oil,
the momentum Ćux in the fountain is predominantly due to the oil Ćux,
M(z) = MA(z) +Moil(z) ≈Moil(z) = Qoil(z)uoil(z), (3.2)
where M(z) is the total momentum Ćux, MA(z) the momentum Ćux of the air
and Moil(z) the momentum Ćux carried by the oil. Qoil(z) is the volume Ćux of
oil and uoil(z) is the oil velocity as a function of the vertical co-ordinate z. The
total momentum Ćux at the source was kept constant by ensuring that both
Qoil(0) and uoil(0) are Ąxed. The nozzle exit velocity is Ąxed by simultaneously
3.4 Experimental observations 56
Fig. 3.2 Images from experiment B14 listed in table 3.1. (a) Single frame
from the slow motion video showing an instantaneous fountain shape in which
individual bubbles can be identiĄed. We observe a distribution of bubble sizes.
The largest bubbles are approximately 1 cm in diameter. The smallest bubbles
are smaller than the pixel size of approximately 0.2 mm. The bubbles reach a
maximum depth of approximately 10 cm. (b) False-colour image of the bubble
fountain in which the colour denotes a time-averaged light intensity, obtained
by superimposing 1000 instantaneous fountain shapes. (c) Time-series of a
vertical line through the fountain centre shown in false-colour. Again, the
colour is a measure of the recorded light intensity.
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Fig. 3.3 False-colour images of the averaged fountain shapes of three fountains
with the same source momentum Ćux. The source buoyancy Ćux increases from
left to right with a volumetric gas concentrations at the source of (a) 5%, (b)
46%, and (c) 68%. The fountains correspond to experiments M7, M8 and M9
in table 3.1. As the buoyancy Ćux in the fountain increases, the fountain height
reduces from approximately 20 cm in panel (a) to about 10 cm in panel (c).
increasing the nozzle radius and the air Ćux through the nozzle. As shown by
equation 3.2, the total momentum Ćux is barely affected by an increase in air
Ćux. However, the buoyancy Ćux in the fountain is directly proportional to the
air Ćux, QA, so that
B(z) ≈ gQA(z), (3.3)
where g is the gravitational acceleration. Figure 3.3 shows the averaged shape
of three bubble fountains in false-colour (experiments M7-M9) which all have
the same source momentum Ćux, but the volumetric gas fraction at the source
increases from 5% in panel (a) to 46% in panel (b) and 64% in panel (c).
Owing to the associated increase in buoyancy Ćux, we observe a reduction in
fountain height from over 20 cm in panel (a) to approximately 10 cm in panel
(c). A similar trend was presented in the previous chapter on turbulent bubble
fountains in water.
Similarly, we can investigate the effect of increasing the source momentum
Ćux by keeping the source buoyancy Ćux constant. This is achieved by Ąxing
QA whilst increasing Qoil, and thus u0, as both the air and the oil are issuing
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Fig. 3.4 False-colour images of the averaged fountain shapes of four fountains
with the same source buoyancy Ćux. The source momentum Ćux increases from
left to right. The fountains correspond to experiments B17, B18, B19 and B20
in table 3.1. As the momentum Ćux in the fountain increases, the fountain
height increases from less than 5 cm in panel (a) to about 12 cm in panel (d).
through the same nozzle. Figure 3.4 shows false-colour images of the averaged
fountain shape of four such fountains (experiments B17-B20 in table 3.1). We
observe an increase in fountain height as the momentum Ćux at the source
is increased. In panel (a), the fountain height is less than 5 cm, whereas in
panel (d) is it approximately 12 cm. The light intensities of the false-colour
images were adjusted to be in the range from 0 (no bubbles) to 1 (maximum
bubble load) to maximise the contrast in the images. This implies that the
colour intensities should not be compared across different panels as they do
not represent equivalent grey-scales in the raw images. Additionally, these
grey-scales do not provide a reliable measure of the bubble concentration since
the light absorption is non-linearly related to bubble sizes and fountain depth.
A calibration of light intensities in terms of the bubble load is therefore not
possible.
In the present high-speed videos (cf. Ągure 3.2 (a)) we observe a range of
bubble sizes in the oil-air fountains. In our investigation of turbulent bubble
fountains in water (see previous chapter) we exploited the observation that
most bubbles observed in water have diameters in the range 2 - 5 mm for all
of which the rise speed is approximately 28 cm/s. We described that the Ćow
in the fountain core of such water-air fountains decelerates owing to i) the
entrainment of ambient liquid and ii) the negative buoyancy force provided by
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the bubbles. We deĄned the maximum bubble penetration depth to be the
point at which the water velocity matches the constant terminal bubble rise
speed. At this depth, the bubbles separate from the fountain Ćuid and rise.
The water, however, continues to propagate downwards. This observation is
illustrated in Ągure 3.5 (a) and (c). Panel (a) shows a false-colour image of
the averaged proĄle of a bubble fountain in water. The colour intensity is a
measure of the light reĆected from the bubbles. The source liquid (water) is not
visible. In panel (c), however, the same air-water fountain is shown with dyed
source liquid. The image illustrates that the water has some Ąnite downward
momentum Ćux at the point where the bubbles separate. The source liquid,
water, continues to propagate downwards, past the point of bubble separation.
In the present low Reynolds number bubbles fountains, however, we do not
observe this effect, as shown in panels (b) and (d) of Ągure 3.5. In panel (b)
only the bubbles are visible to the camera, whereas in panel (d) the oil issuing
through the nozzle has been dyed. Here, we observe that the source liquid does
not propagate further than the bubbles and the bubbles do not separate from
the Ćow. Instead, we observe that the small air bubbles trap all source liquid
and carry it to the top of the tank. This observation is consistent with the
Ąndings of Mingotti and Woods (2016). They present a detailed investigation
on the maximum height reached by particles in particle-laden fountains. They
Ąnd that the ratio of terminal particle settling velocity to the characteristic
fountain velocity,
Λ =
ufall
uF
with uF =
B
1/2
0
M
1/4
0
, (3.4)
determines if the particles separate from the Ćow (Λ > 0.5) or if the particle-
laden fountain behaves like the equivalent single-phase fountain with the same
source Ćuxes of buoyancy and momentum (Λ < 0.5). In the former case
(Λ > 0.5) the source liquid continues to propagate in the direction of the initial
momentum Ćux after the bubbles have separated. In the present experiments
on oil-air fountains, all source liquid is returned upwards past the nozzle,
as it is observed for single-phase fountains (cf. Ągure 3.5 (e)). The smaller
bubbles (dB < 1mm) remain in suspension with the liquid. The experimental
videos, however, suggest that the larger bubbles (dB > 5mm) do not reach the
maximum height of the fountain, but separate from the Ćow at some fraction
of the total fountain height. Bubble fountains in vegetable oil thus display
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Fig. 3.5 Experimental investigation of the motion of the source liquid for bubble
fountains in water, bubble fountains in oil, and single-phase fountains. Panels
(a) and (c) show the time-averaged proĄle of a bubble fountain in water. In
panel (a), only the bubbles are visible, in panel (c) dye has been added to
visualise the source liquid. The source liquid continues to propagate downwards
after the bubbles seperate from the Ćow and rise. Panels (b) and (d) show the
time-averaged proĄle of a bubble fountain in vegetable oil. In panel (b), only
the bubbles are visible, in panel (d) dye has been added to the source Ćuid.
All the source Ćuid is trapped by the bubbles and carried upwards after the
bubbles have reached their maximum depth. Panel (e) shows an image of the
averaged shape of a single-phase fountain (fresh water injected downwards into
salty water) for comparison. All images are shown in false-colour.
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features of both separated Ćow (large bubbles) and single-phase Ćow (small
bubbles). In the present experiments, the nozzle exit velocity of the oil is of
the order of metres per second and far exceeds the bubble slip velocities, which
are of the order of centimetres per second. This suggests that most of the air
bubbles with dB < 5mm are carried all the way through the fountain.
Owing to the range of bubble sizes and the non-turbulent nature of these
fountains, it is difficult to capture the detailed physics of this problem in a
simple theoretical model. However, we can investigate the scalings for the
steady-state height of these fountains in terms of their source Ćuxes of buoyancy
and momentum, as well as the dependency on the source Reynolds number.
3.5 Scalings of the experimental data
The steady-state rise height of axisymmetric fountains is independent of the
source Reynolds number, Re0, if the fountain Ćow is fully turbulent, and if the
source Froude number,
Fr0 =
u0√
b0g′0
, (3.5)
is larger than 1. b0 is the nozzle radius, u0 the nozzle exit velocity, and g
′
0 is
the reduced gravity at the source (Hunt and Burridge, 2015; Turner, 1966).
Based on experimental data, the steady-state rise height of these turbulent
single-phase fountains, HF , may be expressed in terms of the source Ćuxes of
buoyancy and momentum so that
HF = 2.46(M0/π)
3/4(|B0|/π)−1/2 = 2.46b0Fr0. (3.6)
In Ągure 3.6 we plot the dimensionless fountain height, HF/b0, as a function of
the source Froude number. In this Ągure, the red data points correspond to the
measurements presented by Hunt and Burridge (2015) for single-phase turbulent
fountains, and the red line, providing the best Ąt for the experimental data, has
a gradient of 2.46. The black data points correspond to our measurements of
maximum bubble penetration depth in low Reynolds number oil-air fountains,
and the error bars represent the maximum deviation of our measurements of
HF from the averaged value over three experiments. The observed scatter in
our experiments is comparable to that in the single-phase fountain data. Fitting
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Fig. 3.6 Measured maximum bubble penetration depth, normalised by the
source radius, HF/b0, plotted as a function of the source Froude number, Fr0.
The black squares represent the measurements of the 48 experiments listed in
table 3.1. The red crosses correspond to measurements of turbulent single-phase
fountains published by Hunt and Burridge (2015). The red line corresponds to
the scaling HF = 2.46 Fr0b0.
a straight line through our data suggests that HF ≈ 1.5Fr0b0 (cf. equation
(3.6) for single-phase fountains), suggesting that our oil-air fountains have a
lower steady-state height compared to single-phase fountains with the same
source buoyancy and momentum Ćuxes.
The empirical relation of equation 3.6 is valid for turbulent single-phase
fountains and is independent of the source Reynolds number. Williamson
et al. (2008) investigated the effect of both the source Froude number and
the source Reynolds number on low Reynolds number fountains, and they
provide a regime map for 0.7 < Fr0 < 100 and 15 < Re0 < 1900. This regime
diagram (Ągure 2 of their paper) provides an overview of a range of complicated
observations including Ćopping, circling, bobbing and jet instabilities exhibited
by low Reynolds number fountains. The regime map further divides the
Reynolds number space into a laminar region (Re0 < 120), a transitional region
(120 < Re0 < 2000), and a fully turbulent region, (Re0 > 2000). In Ągure
3.7 we plot the Fr0-Re0-regime diagram for the present set of experiments
on bubble-laden oil fountains, including the three distinct Reynolds number
regimes (see above). We note that according to the deĄnition of Williamson
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Fig. 3.7 Regime diagram of the Froude number and Reynolds number space
covered by the present experiments (black squares). The dashed vertical lines
delimit the Reynolds number regimes identiĄed by Williamson et al. (2008).
et al. (2008), the present experimental data is in the large Froude number space
(Fr0 > 1), and covers the laminar Reynolds number space (Re0 < 120).
The behaviour of single-phase fountains in this low Reynolds number and
high Froude number space is complex and various empirical Ąts have been
developed to improve our understanding of these Ćows. The investigations
by Williamson et al. (2008) and Burridge et al. (2015) suggest that for large
Froude numbers (Fr0 > 1) and low Reynolds numbers (Re0 < 120) the mean
steady-state fountain height of single-phase fountains scales according to the
purely empirical law
HF = 0.34b0Fr0Re
1/2
0 . (3.7)
The scaling of equation 3.7 is compared with the present data on low-
Reynolds number bubble fountains in Ągure 3.8. The dashed line has a gradient
of 0.34. The data points represent our data, the colour-coding corresponds to
the nozzle exit velocity. A large nozzle exit velocity indicates large volume
Ćuxes of both oil and air, as well as large fountain heights. The experimental
data is in good agreement with the dashed line of gradient 0.34, based on
low Reynolds number single-phase fountain data. The colour-coding of the
outliers suggests that these four data points, shown in red, have large nozzle
exit velocities, partially owing to a very high gas fraction at the source. The rise
height of these fountains is less than the rise height of analogous single-phase
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Fig. 3.8 Scaling of the dimensionless steady-state fountain height for low
Reynolds number fountains (Burridge et al., 2015; Williamson et al., 2008).
The dashed line represents equation 3.7. The colour-coding corresponds to the
nozzle exit velocity.
fountains. This is likely to be a consequence of the reversal of bubble motion
within the fountains, disturbing the down-Ćow in the fountain core.
Burridge et al. (2015) have found that for large Froude number fountains
the steady-state fountain height, HF , is independent of the source Reynolds
number only when the source Reynolds number exceeds 1000. This is indeed
the case for bubble fountains in water presented in the previous chapter, but the
rise height of the present low Reynolds number bubble fountains does depend
on the source Reynolds number, as shown in Ągure 3.8.
3.6 The filling-box observation
The experimental investigation presented in the previous section is based on
slow motion videos, recorded for a duration of 10 seconds with a frame rate
of 100 images per seconds. During these experiments we observed that some
of the smaller bubbles (dB < 1mm) do not immediately escape at the free
surface of the tank. Instead, they accumulate underneath the free surface and
form a bubble-rich layer that grows downwards into the tank. To gain an
understanding of this process, we ran 12 additional experiments, 60 minutes
in length at a frame rate of one image per second. The source conditions of
these experiments are listed in table 3.2. In each experiment, we stop the Ćow
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Exp. b0 [mm] Qoil [
ml
s
] QA [
ml
s
] C0 [%] u0 [
m
s
] Fr0
FB1 1.45 7.50 10 57 2.65 29
FB2 1.45 7.50 20 73 4.16 41
FB3 1.45 16.2 10 38 3.97 54
FB4 1.45 16.2 20 55 5.48 62
FB5 1.92 7.50 10 57 1.51 15
FB6 1.92 7.50 20 73 2.37 20
FB7 1.92 16.2 10 38 2.26 27
FB8 1.92 16.2 20 55 3.13 31
FB9 2.50 7.50 10 57 0.89 8
FB10 2.50 7.50 20 73 1.40 11
FB11 2.50 16.2 10 38 1.33 14
FB12 2.50 16.2 20 55 1.84 16
Table 3.2 Table specifying the range of source conditions for experiments on
bubble fountains in oil, run for a duration of 60 minutes, to investigate the
formation of a bubble-rich layer that grows from the free surface into the tank.
The table lists: Number of experiment (Exp.), nozzle radius (b0), oil Ćux at
the source (Qoil), air Ćux at the source (QA), initial gas fraction at the source
(C0), nozzle exit velocity (u0) and source Froude number (Fr0).
through the nozzle and through the extraction vent at the bottom of the tank
after 30 minutes, so that the bubbles are allowed to rise freely.
The cartoon in Ągure 3.9 illustrates the formation and downward propagation
of the bubble-rich layer in panels (a) to (c). Larger bubbles escape close to the
protruding nozzle, whereas smaller bubbles spread horizontally underneath the
free surface, feeding a bubble rich layer. Eventually, the bubble layer grows
past the fountain height. Panel (d) of Ągure 3.9 illustrates the rise of the bubble
front during the second half of each experiment. The horizontal dashed line in
panels (a) to (d) marks the depth of the bubble front.
In our experimental investigation, we track the position of this bubble front
as a function of time (cf. Ągure 3.11). The schematic in panel (e) of Ągure
3.9 provides a simpliĄed illustration of the propagation of this bubble-rich
layer, shaded in grey. The capital letters (A-D) link panels (a) to (d) to this
time-series cartoon. We identify three regimes:
Regime 1 (fast Ąlling): Initially, we observe a fast propagation speed of the
bubble front up to the depth reached by the fountain.
Regime 2 (slow Ąlling): Once the bubble front surpasses the depth of the
fountain, the propagation velocity of the front reduces. We hypothesize that
the constant downward velocity of the front in this regime, ulayer, is determined
by a balance of the background Ćow velocity, uBG, and the bubble rise velocity,
urise, as indicated on the cartoon. The background Ćow velocity in the tank,
3.6 The Ąlling-box observation 66
large bubbles
small bubbles
descending front of
small bubbles
rising front of
small bubbles
(a) (b) (c) (d)
D
ep
th
Time


slow fillingfast 
filling
bubbles rising


 


	


	

bubble-rich zone
A B C D
(e)
A B C D
D
ep
th
Fig. 3.9 Cartoon of the formation of a bubble-rich layer underneath the oil-
air interface (panels (a) to (c)), followed by the rise of the bubbles after the
circulating Ćow is turned off (panel (d)). Panel (e) illustrates a time series of
the propagation of the bubble front, highlighting three regimes. The capital
letters link this Ągure to Ągures 3.10 and 3.11.
uBG, is equal to the ratio of source oil Ćux and the cross-sectional area of the
tank,
uBG =
Qoil
A
, (3.8)
where A is approximately 0.04 m2 so that the propagation speed of the bubble
front below the depth of the fountain is given by
ulayer = uBG − urise. (3.9)
Regime 3 (bubbles rising): With the fountain Ćow switched off, the bubbles
rise to the free surface and leave the tank. The slope of the contours in the
time-series image in this third regime corresponds to the bubble rise speed,
urise.
Figure 3.10 contains four images extracted from the 60 minute slow motion
video of experiment FB3 (see table 3.2) at different times. The four panels
correspond to the four cartoons in Ągure 3.9. The Ąrst image in panel (a)
(marked with a capital A to link to Ągures 3.9 and 3.11) shows the initial bubble
3.6 The Ąlling-box observation 67
Fig. 3.10 Instantaneous images of low Reynolds number bubble fountains
(experiment FB3 in table 3.2) after (a) 1 s, (b) 100 s, (c) 28 min and (d) 50
min. Small bubbles accumulate at the top and form a bubble-rich layer which
grows downwards into the tank. After 30 min the bubble fountain is turned
off and the bubbles rise back to the free surface. The two red rectangles in
panel (a) mark the zone over which a horizontal average was taken to plot the
time-series image in Ągure 3.11.
fountain in a clear and uncontaminated environment. Two red rectangles have
been added to this image to illustrate the region that we refer to when discussing
the environment. The nozzle protrudes approximately 7 cm into the tank.
The second panel (marked B) shows the fountain after approximately 100
seconds. The environment close to the free surface (at a depth of 0 cm) is much
darker compared to panel (a), owing to the accumulation of small bubbles in
this zone. The bubble-rich region grows into the tank as time progresses, as
shown in the image of panel (c), extracted after about 28 minutes.
After 30 minutes we stop all Ćow through the nozzle and through the
extraction vent at the bottom of the tank and the bubbles are allowed to rise
freely. Panel (d) of Ągure 3.10 shows the contaminated ambient (without any
fountain) after 50 minutes - or 20 minutes after the fountain has been turned
off. The image is brighter compared to panel (c), indicating that a large fraction
of bubbles has escaped through the free surface at the top of the tank.
To visualise the accumulation of bubbles underneath the free surface and
the subsequent growth of the bubble-rich layer downwards into the tank, we
compute the horizontally-averaged light intensity of the background (highlighted
by the two red rectangles in Ągure 3.10 (a)) as a function of time. Two of these
horizontally-averaged time-series images are shown in Ągure 3.11, obtained
3.6 The Ąlling-box observation 68
for experiments FB1 (a) and FB3 (b). The time-series image shown in panel
(b) corresponds to the experimental images displayed in Ągure 3.10. The four
vertical lines marked by capital letters link the image in Ągure 3.11 to Ągures
3.9 and 3.10. The interface between the clear Ćuid (blue colour) and the
bubble-laden Ćuid (red colour) corresponds to the location of the bubble front,
highlighted by the dashed horizontal lines in Ągure 3.9.
Two horizontal lines were added to the panels in Ągure 3.11. The upper
blue horizontal line at a depth of 7 cm marks the position of the nozzle outlet.
The lower red line marks the initial height of the oil-air fountain. In both
panels in Ągure 3.11 the tank is initially clear and the horizontally-averaged
background light intensity thus shows a vertical blue column of pixels at time
zero. Subsequently, we observe the growth of the bubble-rich layer downwards
into the tank, as illustrated by the cartoon in Ągure 3.9 (d). Red colour denotes
a high concentration of bubbles. In panel (a), obtained for experiment FB1, the
bubble-rich layer quickly Ąlls the tank up to the depth reached by the fountain.
The Ąlling-box velocity of the bubble-rich layer reduces considerably in the
region below the fountain.
In panel (b), obtained for experiment FB3, we double the source Ćux of oil.
This results in a much faster propagation speed of the bubble front in the region
below the fountain. The bubble-laden region extends all the way to the bottom
of the tank after about 1500 s, indicating that bubbles are extracted through
the exhaust vent and circulated around the system. This observation is crucial
in the context of engine oil aeration as all bubbles that are carried downwards
past the maximum fountain height will eventually be extracted from the sump
and distributed to various components within the engine. The formation of a
propagating bubble-rich layer as a by-product of bubble fountains is thus an
important process affecting the performance of lubrication systems.
The rise velocity of the bubbles can be inferred from the slope of the colour-
contours in Ągure 3.11 after 1800 seconds. The fastest bubbles (slope of the
dark red colour contour) have a rise speed of approximately 1 mm/s, the slowest
bubbles rise at a rate of about 0.1 mm/s. Owing to this range in bubble sizes
and hence bubble rise speeds, the front of the bubble-rich layer is very diffuse
(cf. 3.11 (b)). It is therefore difficult to validate equation 3.9 with the present
experiments.
Our observations on the growth of a bubble-rich layer downwards into the
tank, however, have motivated a detailed investigation of multiphase Ąlling-box
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Fig. 3.11 Time-series images of the horizontally-averaged background region
(see the two red rectangles in Ągure 3.10 (a)) for experiments (a) FB1 and (b)
FB3. The colour-coding represents a measure of the recorded light intensity.
Red indicates a high bubble concentration. Blue indicates clear Ćuid. The
capital letters in panel (b) correspond to the capital letters in Ągures 3.9 and
3.10.
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processes induced by a multiphase fountain in a conĄned environment. This
investigation is presented in the following chapter where we produce particle-
laden fountains as an upside-down analogue to bubble fountains. We use a
mono-disperse sample of particles to produce particle-laden fountains, as this
enables us to precisely control the terminal velocity and the concentration of
the second phase. Furthermore, we use water as the working Ćuid to develop
our understanding of these complex processes in a generic liquid. In these
experiments it was possible to test and validate equation 3.9.
3.7 Summary
This chapter presented an experimental study on low Reynolds number bubble
fountains in oil. Owing to the high viscosity of the working Ćuid, the Ćow in
the present experiments is in the laminar regime.
Our slow-motion videos revealed a range of bubble sizes from a fraction
of a millimetre up to one centimetre. The terminal rise speed of the smallest
bubbles was found to be less than 0.1 mm/s and these bubbles do not separate
from the fountain Ćow but are instead carried downwards by the mean Ćow in
the fountain.
We measured the rise height of these laminar fountains and Ąnd that the
experimental data matches the scalings presented for single-phase fountains
with high source Froude numbers and low source Reynolds numbers. This
scaling does depend on the source Reynolds number.
The experimental videos demonstrated that a large proportion of the smallest
bubbles do not escape the tank on reaching the oil-air interface. Instead, these
bubbles accumulate and form a bubble-rich layer that grows downwards into
the tank. Time-series images allowed us to visualise the propagation of this
bubble front. Measurements of the bubble rise speeds revealed that the velocity
of this Ąlling-box front depends on both the strength of the background Ćow
Ąeld and the bubble rise speed.
The Ąlling-box Ćow of bubble fronts driven by bubble fountains is crucial in
the context of engine oil aeration but the underlying concepts also apply to the
distribution of contaminants and pathogens by ventilation systems. To identify
the parameters that control the fate of the bubbles or particles in such systems,
we need to reduce the complexity of the system. To overcome the challenges
associated with the large range of bubble sizes as well as the laminar nature
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of the Ćow we will proceed in the next chapter with an investigation of the
transport of particles by particle-laden fountains in conĄned environments.
Chapter 4
Particle fountains in a confined
environment
4.1 Abstract
We present new experiments and theoretical models of the motion of relatively
dense particles carried upwards by a liquid jet into a laterally conĄned space
Ąlled with the same liquid. The incoming jet is negatively buoyant and rises to
a Ąnite height, at which the dense mixture of liquid and particles, diluted by
the entrainment of ambient liquid, falls back to the Ćoor. The mixture further
dilutes during the collapse and then spreads out across the Ćoor and supplies
an up-Ćow outside the fountain equal to the source volume Ćux plus the total
entrained volume Ćux.
The fate of the particles depends on the particle fall speed, ufall, compared
to (i) the characteristic fountain velocity in the fountain core, uF , (ii) the
maximum upward velocity in the ambient Ćuid outside the fountain, uu(0),
which occurs at the base of the fountain, and (iii) the upward velocity in the
ambient Ćuid above the top of the fountain associated with the original volume
Ćux in the liquid jet, uBG. From this comparison we identify four regimes:
(1) If ufall > uF , then the particles separate from the fountain and settle
on the Ćoor.
(2) If uF > ufall > uu(0), the particles are carried to the top of the fountain
but then settle as the collapsing Ćow around the fountain spreads out across
the Ćoor; we do not observe particle suspension in the background Ćow.
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(3) For uu(0) > ufall > uBG we observe a particle-laden layer outside the
fountain which extends from the Ćoor of the tank to a point below the top of
the fountain. The density of this lower particle-laden layer equals the density of
the collapsing fountain Ćuid as it passes downwards through this interface. The
collapsing Ćuid then spreads out horizontally through the depth of this particle-
laden layer, instead of continuing downwards around the rising fountain. In
the lower layer, the negatively buoyant source Ćuid in fact rises as a negatively
buoyant jet, but this transitions into a fountain above the upper interface of
the particle-laden layer. The presence of the particles in the lower layer reduces
the density difference between fountain and environment, leading to an increase
in the fountain height.
(4) If ufall < uBG then an ascending front of particles rises above the
fountain and eventually Ąlls the entire tank up to the level where Ćuid is
removed from the tank.
We compare the results of a series of new laboratory experiments with
simple theoretical investigations for each case, and discuss the relevance of our
results.
4.2 Introduction
A detailed investigation of the dynamics of particle-laden fountains in a conĄned
environment is an important step towards a better understanding of the trans-
port of particles in industrial process equipment and Ćuidised beds (Rowe and
Nienow, 1976). In many systems, individual jets of Ćuid are supplied to reactor
vessels with the purpose of mixing, suspending, or Ąltering particles. Particle-
laden fountains also develop during explosive volcanic eruptions, when dense
mixtures of ash and gas are ejected from volcanic vents at high speed (Woods,
2010). Insights into the transport of dense particles in upward propagating
fountains are also related to modelling the transport of bubbles in downward
propagating liquid jets, as formed by streams of air and oil entering the sump
of internal combustion engines (cf. chapter 2). Depending on the volume Ćux of
the oil, the sump geometry and bubble size and rise speed, the bubbles either
rise and escape, or they are carried to the bottom of the sump and recirculate
around the engine with adverse effects on lubrication and hydraulics (Nemoto
et al., 1997). Producing particle-laden fountains as an analogue experiment to
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bubble fountains provides some desirable simpliĄcations as particle size, shape
and concentration are easily controlled.
In this chapter, we explore the dynamics of a low-concentration particle-
laden fountain supplied to an enclosed vessel. We present a series of new
experiments of such Ćows and compare the results with some simple theoretical
models to describe the fate of the particles. We assume there is an outĆow
at high level above the fountain. The mass concentration of particles at the
source is always less than 10% to ensure that the Boussinesq approximation
holds for our experiments. We note, however, that especially in Ćuidised beds,
the particle concentration is often higher and such situations are beyond the
scope of the present study.
In developing the experiments and models, we are guided by a number of
previous studies on the motion of low-concentration particle-laden fountains
(Mingotti and Woods, 2015a,b, 2016), and of the ascent and mixing produced
by single-phase fountains (SPF) in an enclosed space (Ansong et al., 2008;
Baines et al., 1993; Baines and Turner, 1969; Baines et al., 1990; BloomĄeld
and Kerr, 1999; Linden, 1999).
First, we note that with a particle fountain, there are two regimes which
depend on the ratio of the characteristic fountain speed, uF , compared to the
fall speed of the particles, ufall. When uF exceeds ufall, then the fountain
behaves as a single-phase Ćow (Mingotti and Woods, 2016) and, assuming the
Boussinesq approximation applies, then the rise height for high Froude number
fountains, Fr0 > 4, depends on the speciĄc buoyancy and momentum Ćux of
the single-phase fountain (subscript SPF) (Turner, 1966),
HSPF = 2.46m
3/4
0 |f0|−1/2, (4.1)
where m0 = M0/π = b
2
0u
2
0 and f0 = B0/π = g
′
b20u0 are the speciĄc buoyancy
and momentum Ćuxes at the source. M and B are the speciĄc buoyancy and
momentum Ćuxes including a prefactor π. Both notations (with and without
π) are frequently seen in the literature. In this expression, g
′
is the reduced
gravitational acceleration given by g
′
= g (ρa − ρF )/ρa, with ρa the density of
the ambient liquid and ρF the bulk density of the fountain Ćuid. b0 and u0 are
the nozzle radius and nozzle exit velocity respectively.
Second, we note that in fountains with large source Froude number, Fr0 =
u0/
√
b0g
′ , the fountain becomes highly turbulent and entrains a large volume
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of Ćuid as it rises to its maximum height, so that the volume Ćux at the top of
the fountain, Qtop, far exceeds that at the source (BloomĄeld and Kerr, 2000;
Morton et al., 1956; Turner, 1966). The Ćuid in such fountains decelerates owing
to the entrainment of ambient liquid and the presence of the negative buoyancy.
During the initial ascent of the dense jet, the Ćuid reaches a maximum height
Hi, but as this Ćuid collapses back outside the fountain, it is entrained by the
ascending Ćow, increasing the negative buoyancy Ćux of the ascending Ćow
relative to the ambient. As a result, the fountain height falls to a quasi-steady
value HF ≈ 0.7Hi (Turner, 1966). A CAD drawing of the experimental set-up
is shown in Ągure 4.1, and a cartoon of a collapsed fountain is shown in Ągure
4.2 (a), illustrating the up-Ćow in the fountain, QF , the down-Ćow around the
fountain, Qd, the resulting up-Ćow in the ambient, Qu, and the up-Ćow in the
background above the top of the fountain, Q0. In an unconĄned environment,
the top of the fountain oscillates around the height HF . In a laterally conĄned
environment, however, an upward Ćow develops in the ambient Ćuid, fed by
the liquid spreading out from the fountain on the Ćoor. Baines et al. (1990)
have investigated this fountain Ąlling-box phenomenon for classical single-phase
fountains in a homogeneous environment and BloomĄeld and Kerr (1999)
extended the work to account for a density-stratiĄed environment. They found
that when the volume Ćux supplied through the fountain was removed at high
level above the fountain, the ambient layer of more dense Ćuid always grows
past the height of the fountain. The increasing density of the ambient Ćuid
leads to a gradual decrease in the negative buoyancy Ćux of the fountain and
hence an increase in fountain height.
In this chapter we explore the Ąlling-box dynamics of particle-laden fountains
which result when a jet of particle-laden Ćuid enters an enclosed space Ąlled
with the same Ćuid. We Ąrst introduce the experimental method in section 4.3
and then present our experimental data and theoretical models, arranged into
four regimes, which depend on the terminal fall speed of the particles relative
to the three characteristic velocities in the system.
4.3 Experimental method
We generated particle-laden fountains by supplying a mixture of fresh water
and Silicon-Carbide particles to an upwards directed nozzle submerged in a
tank of fresh water. The particles provide a buoyancy force which opposes the
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direction of the momentum Ćux at the source, thus producing a fountain. In this
chapter we present two groups of experiments: Firstly, a set of 9 experiments
for which all source conditions are Ąxed and only the particle size is varied
between 12.8µm and 212µm. The exact particle sizes and source conditions
are listed in table 4.1 above the horizontal line (experiments a-i). Secondly,
we present a set of 25 experiments with particle diameters between 12.8 and
30µm. In this second set we also vary the nozzle diameter, source Ćuxes and
particle concentration. These fountains have source Reynolds numbers between
1000 and 4000 and the initial Froude numbers range from 6 to 42. Three round
stainless steel nozzles of internal diameter of approximately 2.9 mm, 5.2 mm
and 8.5mm were used as the sources. By repeating all experiments once, we
estimate that the error associated with our experiments is somewhere close to
15%.
The mixture of water and particles (Carborex F070 to F500 by Washington
Mills) was pumped (Watson Marlow peristaltic pump) through a submerged
nozzle at the bottom of a Perspex tank of dimensions 40 cm x 20 cm x 20 cm
as shown in Ągure 4.2 (b). An electroluminescent light sheet, connected to the
back of the tank, provided uniform illumination for a JAI SP-5000 monochrome
high-speed camera with a 1:28 HAMA lens. High-speed videos, eight minutes
in length, with a frame rate of 10 Hz were recorded for all experiments. We
use time-series images through the fountain centreline to extract the fountain
height automatically.
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Fig. 4.1 CAD drawing of the experimental set-up showing the tank in the
middle, with a peristaltic pump (green) on either side. The mixer, shown to
the left, ensures that the particles remain suspended in the source Ćuid tank.
(a) (b)
Fig. 4.2 (a) Cartoon of the collapsed fountain showing the fountain height,
HF , and the volume Ćuxes in the fountain core, QF , the down-Ćow, Qd, the
up-Ćow outside the fountain, Qu, and the volume Ćux above the top of the
fountain, Q0. (b) 2D schematic of the experimental set-up: Particles and fresh
water are mixed together and pumped through a nozzle at the bottom of the
tank (centre). A second pump extracts the liquid at the top of the tank to
maintain a Ąxed reservoir level. The initial Ćuid leaving the nozzle reaches a
maximum height, Hi (panel (b)), prior to the development of the collapsing
Ćuid around the central jet, which leads to the lower quasi-steady fountain
height, HF (panel (a)). Once the Ąlling-box Ćow develops in the ambient Ćuid,
some particles may be suspended, leading to an adjustment to a steady-state
fountain height H∞ (section 4.7).
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Exp. dP
[µm]
ufall
[mm/s]
b0
[mm]
C0(SiC)
[g/LW ]
Q0
[ml/s]
u0
[m/s]
Fr0
[−]
HF
[cm]
κ = Q0/(A ufall)
[−]
a 212 54.1 2.60 30 11.6 0.54 24 5.96 0.005
b 106 13.5 2.60 30 11.6 0.54 24 8.64 0.021
c 75.0 6.78 2.60 30 11.6 0.54 24 10.6 0.043
d 63.0 4.78 2.60 30 11.6 0.54 24 15.9 0.060
e 44.5 2.39 2.60 30 11.6 0.54 24 13.5 0.121
f 36.5 1.60 2.60 30 11.6 0.54 24 14.7 0.180
g 29.2 1.03 2.60 30 11.6 0.54 24 13.8 0.281
h 17.3 0.56 2.60 30 11.6 0.54 24 14.1 0.801
i 12.8 0.31 2.60 30 11.6 0.54 24 13.5 1.463
1 29.2 1.03 1.45 50 6.06 0.92 42 12.7 0.148
2 29.2 1.03 2.60 50 6.06 0.29 10 4.91 0.148
3 29.2 1.03 2.60 10 6.06 0.29 22 9.27 0.148
4 29.2 1.03 2.60 10 11.6 0.54 41 18.9 0.281
5 29.2 1.03 2.60 50 11.6 0.54 18 8.95 0.281
6 29.2 1.03 4.25 10 6.06 0.11 6 6.11 0.148
7 29.2 1.03 4.25 10 11.6 0.20 12 13.7 0.281
8 17.3 0.36 1.45 50 6.06 0.92 42 13.0 0.420
9 17.3 0.36 2.60 50 6.06 0.29 10 4.74 0.420
10 17.3 0.36 2.60 10 6.06 0.29 22 10.6 0.420
11 17.3 0.36 4.25 50 23.8 0.42 11 10.1 1.651
12 17.3 0.36 4.25 10 6.06 0.11 6 5.13 0.420
13 17.3 0.36 4.25 10 23.8 0.42 25 28.9 1.651
14 12.8 0.20 2.60 10 11.6 0.54 41 19.4 1.436
15 12.8 0.20 2.60 50 11.6 0.54 18 9.61 1.436
16 12.8 0.20 4.25 10 11.6 0.20 12 14.1 1.463
17 12.8 0.20 4.25 10 23.8 0.42 25 26.2 3.015
18 12.8 0.20 4.25 10 22.2 0.39 23 23.1 2.815
19 12.8 0.20 4.25 50 22.2 0.39 10 9.14 2.815
20 29.2 1.03 1.45 50 3.60 0.55 25 8.01 0.088
21 29.2 1.03 4.25 50 23.8 0.42 11 12.2 0.579
22 12.8 0.20 4.25 10 17.1 0.30 18 25.2 2.166
23 12.8 0.20 4.25 10 19.7 0.30 21 21.1 2.491
24 12.8 0.20 4.25 50 17.1 0.35 8 8.69 2.166
25 12.8 0.20 4.25 50 19.7 0.35 9 10.5 2.491
Table 4.1 Table with source conditions for two sets of experiments on turbulent
particle-laden fountains. In the experiments above the horizontal line, all
parameters except the particle size and thus ufall are kept constant. In the
remaining experiments we vary the source momentum and buoyancy Ćuxes. The
table lists: number of the experiment (Exp.), particle diameter (dP ), StokesŠ
velocity of the particles (ufall), nozzle radius (b0), initial particle concentration
(C0), volume Ćux at the source (Q0), nozzle exit velocity (u0), source Froude
number (Fr0), fountain height (HF ), and ratio of background velocity to
terminal particle settling velocity (κ).
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4.4 Experimental observations: identification
of 4 regimes
In our Ąrst set of experiments (table 4.1, a-i) all source conditions are Ąxed and
we only vary the particle size and thus the terminal fall speed of the particles,
ufall, as given by StokesŠ law for the small particles used herein,
ufall =
2
9
g
ρP − ρW
µW
d2P
4
, (4.2)
where ρP = 3.21 g/cm
3 is the density of the Silicon Carbide particles, ρW ≈
1 g/cm3 is the density of the ambient water and µW ≈ 1 mPa s is the dynamic
viscosity of water at room temperature. The Reynolds number of the particles
based on their fall speed and radius is always much smaller than 10 (much
smaller than 0.1 for experiments 1-25).
We Ąnd that the fate of the particles depends on the relative magnitude of
ufall compared to three distinct up-Ćow velocities. These are (i) the up-Ćow
velocity within the fountain core as quantiĄed by the characteristic fountain
velocity, uF = B
1/2
0 M
−1/4
0 , (ii) the maximum upward Ąlling-box speed in the
ambient Ćuid which occurs at the base of the fountain, uu(0), and (iii) the up-
Ćow velocity above the top of the fountain, uBG, which results from the source
Ćux, uBG = Q0/A, where Q0 = πq0 = πb
2
0u0 is the source volume Ćux and A is
the cross-sectional area of the tank. Based on the ratios uF/ufall, uu(0)/ufall
and uBG/ufall, we identify four regimes which are illustrated in Ągure 4.3 and
described in the following sections.
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Fig. 4.3 Regime diagram with images from four experiments (Regime 1: exp (a);
Regime 2: exp (c), Regime 3: exp (g); Regime 4: exp (i)) and accompanying
schematics describing the quasi-steady-state observations for the four distinct
regimes. The regimes depend on the relative magnitude of ufall compared to
the characteristic fountain velocity, uF , the maximum up-Ćow speed outside
the fountain, uu(0), and the background velocity, uBG. In the experimental
image of the separated Ćow regime (Regime 1), some dye has been added to
the source liquid to show that the particles separate from the Ćow when the
fountain liquid still has some upward momentum.
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4.5 Regime 1: ufall > uF , the separated two-
phase fountain
If ufall exceeds the characteristic fountain velocity, uF , the particles separate
from the fountain liquid and fall out of the fountain before the liquid runs out
of momentum. Mingotti and Woods (2016) found that the maximum height
reached by the particles in a particle-laden fountain, HF , decreases compared to
the height of an equivalent single-phase fountain, HSPF , if Λ = ufall/uF > 0.25.
Figure 4.4 (a) illustrates the variation of HF/HSPF as a function of Λ for
experiments a-i, and our observations are consistent with the results of Mingotti
and Woods (2016).
4.6 Regime 2: uF > ufall > uu(0), no filling-box
For Λ = ufall/uF < 0.25, particle-laden fountains behave like the analogous
single-phase fountain of the same buoyancy and momentum Ćux, and the
particles are carried to the top of the fountain. However, if ufall is larger than
the maximum Ąlling-box speed in the ambient, ufall > uu(0), the particles
quickly settle to the Ćoor. No particles are suspended in the environment
and the fountain reaches a quasi-steady height, HF . The maximum Ąlling-box
speed, uu(0), can be estimated by considering the total volume Ćux in the Ćuid,
which collapses back down to the base of the tank around the central up-Ćowing
fountain. Burridge and Hunt (2016) have measured the total volume Ćux of
the collapsing Ćuid at the level of the source, Qd(0), and based on their data
for Fr0 > 2 they proposed the empirical law
Qd(0) = Q0(1 + 0.71Fr0). (4.3)
The upward Ąlling-box Ćow, Qu, and the upward Ąlling-box velocity, uu, are
then given by the mass balance
Qu(z) = Afreeuu(z) = Qd(z)−QF (z) +Q0 (4.4)
where Afree = A − AF is the available area for the up-Ćow. A is the area of
the enclosed space and AF the area of the fountain. Mizushina et al. (1982)
have shown experimentally that the radius of a collapsing fountain is constant
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No separation Separated flow
Fig. 4.4 (a) Ratio of the quasi-steady fountain height, HF , as a fraction of
the height of an equivalent single-phase fountain, HSPF (equation 4.1), for
experiments a-i as listed in table 4.1. This ratio is shown as a function of
Λ = ufall/uF . The height of the particle-laden fountain is comparable to a single-
phase fountain if ufall < 0.25uF , but decreases as Λ increases to larger values
and the effects of separated Ćow become increasingly important (Mingotti and
Woods, 2016). (b) Variation of the ratio of particle layer height in the ambient
to the quasi-steady fountain height, HLayer/HF , as a function of uu(0)/ufall for
all experiments for which ufall > uBG. For uu(0)/ufall < 1 (region shaded in
grey), no layer is observed. Experiments a-i are plotted as empty squares, the
remaining experiments as solid squares.
at approximately bd = 0.37HF , so that AF = πb
2
d. In Ągure 4.4 (b) the region
where ufall > uu(0) is shaded in grey. This panel contains a plot of the ratio of
measured particle layer height as a fraction of the fountain height, HLayer/HF ,
as a function of the velocity ratio uu(0)/ufall. The graph illustrates that for
ufall > uu(0) no layer is observed. For ufall < uu(0), however, a particle layer
does form and becomes progressively deeper as uu(0)/ufall increases. This is
discussed in the following sections.
4.7 Regime 3: uu(0) > ufall > uBG, trapped
filling-box
If the particle fall speed is smaller than the maximum up-Ćow velocity outside
the fountain, but exceeds the background velocity above the top of the fountain,
uBG < ufall < uu(0), a particle layer develops around the fountain and extends
from the Ćoor to some height smaller than the fountain height. The presence
of the particle-rich layer in this regime reduces the effective negative buoyancy
Ćux in the fountain. Consequently, the fountain height increases from the quasi-
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steady height prior to the development of the particle-laden layer, HF , to a
new steady-state fountain height, H∞. Figure 4.5 (a) contains an experimental
time-series image describing the evolution of a single vertical line of pixels,
through the centre of a fountain, as a function of time. The initial starting
fountain Ćow reaches a height of about 29 cm, but after approximately 10 s the
fountain collapses and adjusts to a quasi-steady height of approximately HF
= 20 cm. The Ąlling-box process then becomes established over the next 200
s (panel (c)), and the fountain height gradually rises to H∞ ≈ 24 cm. Both
the initial quasi-steady fountain height, HF , and the increased fountain height,
H∞, are marked in panel (a). Both HF and H∞ were determined automatically
by detecting the top of the fountain from the time-series image through the
fountain centre (panel (a)) after the initial fountain collapse. The random
oscillations of the fountain top were averaged by considering a fountain height
averaged over a 10 second period as shown by the red line in Ągure 4.5 (b). The
initial averaged height corresponds to HF , and the Ąnal averaged height is taken
to be H∞. The averaging period over which the running mean fountain height
was computed (red line (b)) was chosen to be large compared to the time-scale
over which the fountain top oscillates, but small compared to the time-scale
over which the Ąling-box Ćow in the background becomes established. In our
experiments, the time scale of fountain height Ćuctuation is of the order of
seconds, and the time scale over which a particle layer develops in the ambient
is closer to 100 seconds. We chose an averaging period of 10 seconds, but we
Ąnd that averaging periods in the range from 5Ű20 s yield similar values for
HF and H∞.
In order to calculate the height of rise of the fountain, we require a model
that considers the ascent of a fountain which initially rises through the particle-
laden layer of ambient Ćuid, but which then adjusts owing to the rapid increase
in the negative buoyancy Ćux as it rises into the particle free layer above. In our
investigation of this process we are guided by previous studies on single-phase
salt water fountains in a two-layer stratiĄed environment (Ansong et al., 2008;
Baines et al., 1993). To help guide our understanding, in Ągure 4.6 (a) we show
the key results presented by Baines et al. (1993). They produced single-phase
fountains in a closed, ventilated space in which a constant Ćux of ambient
Ćuid was removed from the tank at the level of the source. This led to the
development of a counter-Ćow in the tank, opposing the direction of the initial
momentum of the fountain. A stable interface develops at the height where
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Fig. 4.5 (a) Time-series image in false-colour of a vertical line through the
centre of the fountain obtained for exp. 4 in table 4.1. The overshoot fountain
height, Hi ≈ 29 cm, after 10 s is followed by the quasi-steady fountain height,
HF , after about 30 s. As the Ąlling-box Ćow develops (panel (c)) the fountain
height increases to the steady-state fountain height, H∞. (b) Illustration of
the automated extraction of HF and H∞ by computing the average fountain
height over a period of 10 seconds, as shown by the red line. (c) Time-series
image of horizontally averaged light intensity outside the fountain illustrating
the development of the particle layer in the background around the fountain.
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the total entrainment into the fountain above the interface matches the volume
Ćux of Ćuid removed from the tank (minus the source Ćux Q0) at the elevation
of the source. At large times, the buoyancy Ćux entering the tank through the
nozzle is balanced by the total buoyancy Ćux of the liquid Ćux removed from
the tank,
g
′
0Q0 = g
′
lower(Qvent +Q0) (4.5)
where g
′
lower is the buoyancy in the lower layer and Qvent is the volume Ćux of
the ventilation Ćow. The authors further establish that at the height of the
interface between the two layers, the buoyancy of the downward collapsing Ćow
which is shed from the top of the fountain, g
′
d,int, matches g
′
lower. Hence, below
the interface, they do not observe a strong return Ćow around the fountain
core. We have repeated their experiments and show the results in Ągure 4.7.
Panel (a) shows an image of the single-phase salt water fountain after the initial
collapse. Panel (b) shows the fully developed two-layer stratiĄcation owing to
the background Ćux in the tank. The colour of the source liquid is changed in
panel (c) and (d) to monitor the Ćow path of the fountain Ćuid. We observe
that upon entering the lower layer, the downward collapsing Ćow spreads out
horizontally throughout the depth of the lower layer.
In the present experiments, by analogy, we envisage that the fountain Ćuid
falling into the particle layer has the same buoyancy as this layer and so it
spreads out horizontally into this layer, in a similar fashion to the saline fountain
(Ągure 4.7). Owing to the absence of a return Ćow in the lower layer, we model
the Ćow produced by the jet issuing from the source as a particle-laden jet with
negative buoyancy. However, once this jet penetrates the interface with the
particle free layer, we assume that the Ćow transitions to a turbulent fountain.
The source conditions of this fountain correspond to the previously calculated
jet properties just above the interface. The equations for the conservation
of volume, buoyancy and momentum Ćuxes of a negatively buoyant jet in
a uniform environment and their respective changes in the direction of the
vertical co-ordinate z are
Q(z) = πb(z)2u(z)
dQ(z)
dz
= α2πb(z)u(z) (4.6)
B(z) = πb(z)2u(z)g
′
(z)
dB(z)
dz
= 0 (4.7)
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(a) (b)
Fig. 4.6 (a) Cartoon illustrating the experimental set-up and key results of
Baines et al. (1993) on single-phase fountains in a conĄned ventilated space.
The height of the interface at z = Hlayer is Ąxed. In the lower layer, the
Ćow issuing through the nozzle resembles a negatively buoyant jet. Above the
interface, the Ćow transitions into a turbulent fountain. The entire ventilation
Ćux, Qvent, is entrained into the fountain above the interface. The buoyancy
of the collapsing down-Ćow matches the buoyancy in the lower layer. (b) In
Regime 3, a particle-laden layer forms which extends from the bottom of the
tank to a height z = Hlayer. Motivated by Baines et al. (1993) we model
the Ćow in the lower layer as a negatively buoyant jet which transitions into
a fountain as it passes upwards through the interface. The buoyancy of the
downward return Ćux equals the buoyancy in the lower layer. Some fraction
of the collapsing particle Ćux is re-entrained into the fountain, the remainder
settles on the Ćoor.
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(a) (b) (c) (d)
Fig. 4.7 Images of single-phase fountains in a ventilated enclosure. (a) A
single-phase salt water fountain (HF ≈ 8 cm) is produced in a fresh water
tank. (b) The background ventilation rate, Qvent, is adjusted (cf. Baines et al.
(1993)) such that a stable two-layer stratiĄcation develops in the ambient. (c)
In steady-state, the colour of the source liquid is changed to visualise the
Ćow path of the fountain Ćuid. (c-d) The source liquid rises to the top of the
fountain, collapses and spreads out at all heights around the fountain. A strong
return Ćow, as characteristic for a fountain, is not observed in the lower layer.
M(z) = πb(z)2u(z)2
dM(z)
dz
= −πb(z)2g′(z) (4.8)
as described by Morton et al. (1956), where we adopt the horizontally-averaged
top-hat model for the jet properties as well as the entrainment hypothesis which
states that the entrainment of ambient liquid into the jet is proportional to the
local jet velocity at any height. The constant of proportionality is taken to be
α ≈ 0.076 (BloomĄeld and Kerr, 2000).
For the present experiments on particle-laden fountains the analogue to the
volume Ćux removed from the tank at the height of the source, Qvent +Q0, is
the settling of particles at the bottom of the tank. The buoyancy of the lower
layer may thus be determined as
g
′
lower =
g
′
0Q0
Aufall
, (4.9)
as illustrated by the cartoons in Ągure 4.6 (a) and (b). The effective buoyancy
of the negatively buoyant jet in the lower layer becomes g
′
0,eff = g
′
0 − g′lower.
The height of the top of the fountain, which forms as the negatively buoyant
jet rises through the interface into the particle free Ćuid, is given as the sum of
the interface height, Hlayer, and the height of a turbulent fountain in the upper
layer, HF,upper, with the source conditions matching the properties of the jet
just above the interface,
H∞,theo = Hlayer +HF,upper. (4.10)
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Fig. 4.8 (a) Comparison of the experimental measurements of total fountain
height in the two-layer stratiĄcation, H∞,exp, on the y-axis, and the theoretical
estimate of this height, H∞,theo on the x-axis. (b) Plot of the measured height of
the interface, HLayer,exp, on the y-axis as a function of the theoretical estimate
of the layer height, HLayer,theo, corrected by the ratio HF/HSPF , on the x-axis.
Hunt and Burridge 2015 have published a detailed set of experiments
with empirical relationships between the quasi-steady rise height of turbulent
fountains as a function of the source radius of the jet and the Froude number
for very weak fountains (0.3 < Fr0 < 1), weak fountains (1 < Fr0 < 2),
intermediate fountains (2 < Fr0 < 4) and forced fountains (Fr0 > 4, see
equation 4.1). We adopt these relationships to compute a theoretical estimate
of the total fountain height in the upper layer, based on the jet radius just above
the interface, bint, and the corresponding Froude number, deĄned in terms of the
density difference of the fountain and the upper layer Ćuid, g
′
int, the jet velocity
just above the interface, uint, and the jet radius so that Frint = uint/
√
g
′
intbint.
In turn, the values of bint, uint and g
′
int at the interface are calculated by
numerical solution of the jet equations (equation 4.6 - 4.8) with the actual
source conditions at the inĆow nozzle, using the result in equation 4.5 to
determine the effective buoyancy of the incoming jet. The results are shown
in Ągure 4.8 (a), where we plot the experimentally determined total fountain
height, H∞,exp, on the y-axis as a function of the corresponding theoretical
estimate for the fountain height, H∞,theo on the x-axis. Most data points (black
squares) are in reasonable agreement with the solid black line, which has a
gradient of one.
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A theoretical estimate of the height of the interface between the lower and
the upper layer in steady-state, Hlayer, was obtained by matching the mass
Ćux of the particles in the collapsing down-Ćow of the fountain above the
interface with the settling Ćux of particles at the Ćoor of the tank. Since the
concentration of particles in the collapsing downĆow matches that in the lower
layer, this balance reduces to the simple form
Qd,int −Q(Hlayer) +Q0 = A ufall. (4.11)
The cartoons in Ągure 4.6 (a) and (b) illustrate that Qd,int is the total volume
Ćux of the collapsed fountain at the height of the interface. Burridge and Hunt
(2016) provide a detailed set of empirical laws relating the total volume Ćux
of a turbulent single-phase fountain as it collapses and falls past the original
height of the input nozzle to the source Froude number. We use this relation
to compute the total Ćux of collapsing fountain Ćuid, Qd,int, by Ąrst solving
the jet equations for each interface height. We then employ the empirical
relationships to determine the value of Qd,int for each iteration of Hlayer. We
take the interface height at which Qd,int −Q(Hlayer) +Q0 Ąrst decreases below
A ufall as our theoretical estimate of the layer height, Hlayer,theo. In Ągure 4.8
(b) the measured fountain height, HLayer,exp, is plotted as a function of the
theoretically estimated layer height, corrected by the ratio of measured fountain
height and single-phase fountain height. The experimental data are compared
with the theoretical prediction (black solid line of gradient one).
4.8 Regime 4: ufall < uBG, unbounded filling-
box
When the terminal particle fall speed falls below the background velocity,
ufall < uBG, particles are lifted above the top of the fountain and a particle
front gradually Ąlls the entire tank. The relative magnitude of the particle fall
speed to the background velocity may be expressed in terms of the dimensionless
parameter κ,
κ =
Q0
A ufall
. (4.12)
Figure 4.9 (a) contains a plot of the ratio of measured particle layer height to
quasi-steady fountain height, HLayer/HF , as a function of κ. The region κ > 1
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is shaded in grey. In this regime the front rises and gradually Ąlls the entire
tank. Some experiments with κ close to, but smaller than one also led to the
development of a particle-rich layer above the top of the fountain as shown in
Ągure 4.9 (a). This is the result of the Ąnite size distribution of the particles
used in the experiments, such that even if the mean particle fall speed exceeds
the background speed, uBG, there is a non-negligible fraction of the particles
for which ufall < uBG and hence which are carried upwards to the high level
vent in the tank.
An example of the ascending front of the particle layer is displayed in the
experimental time-series image shown in Ągure 4.9 (b). By extracting the
slope of the propagating fronts in such time-series images, we may estimate
the Ąlling-box speed. Figure 4.10 (a) illustrates the ratio of measured front
velocity and the background velocity, urise/uBG, as a function of κ. The solid
black line corresponds to the background velocity minus ufall,
urise = uBG − ufall. (4.13)
We observe that the measured rise speeds are described reasonably well by
equation 4.13. The scatter is associated with the range of particle sizes, resulting
in a diffuse front.
To check for consistency, we ran a series of equivalent single-phase fountain
experiments for the source conditions of experiments 1-25 and found that the
measured front velocities corresponded to the background velocity, uBG, within
an error of less than 8%. In Ągure 4.10 (a), these data points would lie on the
dashed horizontal line.
In this regime, the inĆux of particles, QP , is balanced by both the Ćux of
particles settling at the bottom of the tank (Ąrst term on the right-hand side
below) and the Ćux of particles vented through the outĆow at the top of the
tank (second term on the right-hand side below),
QP = C0Q0 = CEA ufall + CE(Q0 − Aufall), (4.14)
where we assume the particle concentration in the ambient Ćuid, CE, is uniform.
From equation 4.14, we infer that the particle concentration in the ambient
matches the particle concentration at the source,
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urise
Fig. 4.9 (a) Variation of the ratio of the depth of the particle layer as a fraction of
the quasi-steady fountain height, HF , as measured for all experiments shown in
table 4.1. The ratio is shown as a function of κ, the ratio of the background Ćow
speed above the top of the fountain and the terminal particle fall speed. Open
symbols correspond to experiments a-i and solid symbols represent experiments
1-25. For κ > 1 the interface height rises indeĄnitely. (b) Time-series image in
false-colour through the centre of the fountain obtained for exp. 13 in table
4.1. The particle-laden layer (blue) surpasses the quasi-steady fountain height,
HF , after approx. 30 s, after which the front gradually Ąlls the entire tank.
Fig. 4.10 (a) Plot of the ratio of the measured particle-laden front velocity to the
background velocity, urise/uBG, as a function of κ. The solid line corresponds
to the prediction urise = uBG − ufall. (b) Measurement of the ratio of the
vented particle Ćux, CoutQout, and the total volume Ćux supplied to the tank,
C0Q0, plotted as a function of κ for κ > 1. The solid black line corresponds to
the theory.
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CE = C0. (4.15)
As a result of this equality, the Ćow issuing from the nozzle now resembles
a neutrally buoyant jet. Unfortunately, in this regime the particles in the
background Ćow block the view of the fountain so we have not been able
to visualise the Ćow issuing from the source. However, we have tested the
prediction of equation 4.15 by running eight experiments in which we collect
the outĆow from the top of the tank. The weight of the total mixture of water
and particles was measured as well as the weight of only the particles after a
drying process, in order to determine the Ćux of particles issuing from the tank,
CoutQout. The ratio of the vented particle Ćux to the total particle Ćux may
thus be written as
C0 (Q0 − Aufall)
C0 (Q0 − Aufall) + C0Aufall = 1−
1
κ
. (4.16)
The prediction of this model is shown as a solid black line in Ągure 4.10 (b)
and appears to be in reasonable agreement with our experimental measurements.
4.9 Summary
We have studied the transport of particles supplied to a conĄned environment
as a particle-laden fountain. We have identiĄed four distinct regimes by
comparing the terminal particle fall speed, ufall, against the up-Ćow velocities
in the fountain core, outside the fountain, and in the background above the top
of the fountain. In Regime 1, the particles separate from the fountain liquid. In
Regime 2, all particles are carried to the top of the fountain, but very quickly
settle from the collapsing down-Ćow and do not form a particle layer in the
ambient. In Regime 3, we observe a trapped particle-rich layer in the ambient
Ćuid. This reduces the density difference between fountain and environment
and encourages larger fountain heights. In Regime 4, the background Ćow is
strong enough to lift particles above the top of the fountain and the entire tank
eventually Ąlls with particles. Novel experimental data are complemented by
simple models which predict (i) whether or not a particle-rich layer develops
in the ambient, (ii) the height of the contaminated layer, (iii) the increase in
fountain height owing to the presence of the particle-rich layer, (iv) the velocity
of the rising particle layer front for κ > 1, and v) the concentration of particles
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in the ambient for κ > 1. This work provides a framework for interpreting the
fate of particles carried by liquid jets in a conĄned space.
It would be of great interest to develop the models and experiments intro-
duced herein to suspensions of multiple sizes, both in terms of the dynamics
and also the potential for a novel separation system.
In the next chapter, we proceed with an experimental study on extremely
conĄned single-phase fountains to investigate at what point the presence of the
conĄnement affects the rise height and entrainment of these fountains.
Chapter 5
Experiments on horizontally
confined turbulent fountains
5.1 Abstract
We present an experimental study on the effects of horizontal conĄnement
on the rise height and entrainment of turbulent single-phase fountains. The
axisymmetric single-phase fountains have source Reynolds numbers ranging
between 1400 and 3000 and are generated by issuing dense Ćuid upwards
through a round nozzle with a diameter of 3.8 mm. The fountains are placed
inside a transparent conĄning tank of width WC , open at top and bottom. We
measure the rise height of the fountains as well as the entrainment of ambient
liquid, and we investigate the dependence of these quantities on the ratio of the
width of the conĄnement and the diameter of an equivalent unconĄned fountain,
WC/DSPF . We Ąnd that both the rise height and the entrainment efficiency of
the present fountains remain unaffected by the conĄnement for WC/DSPF > 2.
For smaller values of WC/DSPF , however, we observe a monotonic decrease in
the rise height and the total entrainment and we present scaling arguments
describing the entrainment into such extremely conĄned fountains.
5.2 Introduction
Turbulent fountains are frequently observed in industry and nature. A thorough
understanding of the Ćuid Ćow in turbulent fountains is essential to predict the
impact of volcanic eruptions, and to optimise industrial equipment such as air
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conditioning and ventilation systems or water treatment plants (BloomĄeld
and Kerr, 2000; Kaminski et al., 2005; Lin and Linden, 2005; Mingotti and
Woods, 2016; Neto et al., 2016; Van de Donk, 1981).
A wide range of literature exists on turbulent fountains based on the
pioneering work of Turner (1966). Many authors have focussed their attention
on developing scaling laws for the initial and steady-state rise heights reached by
unconĄned turbulent fountains, as well as the total entrainment of ambient Ćuid
into the fountain Ćow (Burridge and Hunt, 2012, 2016; Hunt and Burridge, 2015;
Kaminski et al., 2005; Mingotti and Woods, 2016; Turner, 1966). Other authors
have focused their attention on developing theoretical models of turbulent
fountains based on the conservation of the Ćuxes of volume, momentum and
buoyancy (BloomĄeld and Kerr, 2000; Carazzo et al., 2010). Most of this
literature assumes that the fountain is located in an unconĄned, quiescent
environment.
To further our understanding of the operation of heating and ventilation
systems, or the transport of pathogens and particles in rooms and buildings,
some authors have presented studies on turbulent fountains in conĄned environ-
ments (Baines et al., 1993, 1990; Lin and Linden, 2005; Mingotti and Woods,
2015a,b). In these studies, the return Ćow of the fountain is allowed to accu-
mulate and form a Ąlling-box Ćow growing past the fountain, thereby changing
the effective environment of the fountain. The width of the conĄnement in
these studies, however, is many times larger than the width of the fountain, so
that the rise height and the entrainment into the fountain are not affected by
the conĄnement.
In this chapter we present novel experiments on extremely conĄned turbulent
fountains to investigate the threshold at which the presence of the conĄnement
does affect the rise height and entrainment of the fountain. We quantify this
threshold in terms of the ratio of the width of the conĄnement surrounding the
fountain, WC , and the diameter of an unconĄned single-phase turbulent fountain
for given source Ćuxes of buoyancy and momentum, DSPF . This diameter
is proportional to the height of the unconĄned fountain with a constant of
proportionality of 0.34 (Mizushina et al., 1982). An empirical law for the
height of an unconĄned turbulent single-phase fountain was found through
experiments to be
HSPF = 1.84M
3/4
0 |B0|−1/2 (5.1)
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where M0 and B0 are the source Ćuxes of buoyancy and momentum (Hunt
and Burridge, 2015; Turner, 1966). The source Ćuxes of volume, momentum
and buoyancy are
Q0 = πb
2
0u0; M0 = Q0u0; B0 = g
′
0Q0 (5.2)
where u0 is the source exit velocity, b0 is the source radius, and g
′
0 is the
reduced gravitational acceleration at the source (Hunt and Burridge, 2015).
In the experiments presented in this chapter the source Reynolds number,
Re0, ranges between 1400 and 3000 and the source Froude number, Fr0,
ranges between 15 and 30. For this regime, an empirical relation for the total
entrainment of ambient Ćuid into the fountain, QSPF , was found through
experiments by Burridge and Hunt (2016)
QSPF = Q0(1 + 0.71Fr0). (5.3)
Equation 5.3 is in very good agreement with the scaling proposed by Mingotti
and Woods (2016) for the volume Ćux of an unconĄned fountain
QSPF = (1.07± 0.26)M
5/4
0
B
1/2
0
. (5.4)
For the present experiments, the predictions of equations 5.3 and 5.4 differ by
less than 8%.
In this chapter we systematically vary the conĄnement ratio,
WC/DSPF , (5.5)
between 0.6 and 34. This allows us to identify a threshold value of the
conĄnement ratio above which the fountain height and the total entrainment
into the fountain remain unaffected by the presence of the conĄnement. This
Ąnding may serve as a reference to other researchers for sizing experimental
equipment, but it also allows for insights into the mixing provided by turbulent
fountains. Adjusting the source Ćuxes or the width of the conĄnement would
allow the operator to carefully control the density of the fountain return Ćow.
We present scaling arguments for the entrainment of turbulent fountains in
extremely narrow tanks.
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5.3 Experimental method
Turbulent axisymmetric fountains are generated by issuing a dense salt water
solution upwards through a round nozzle into a tank of width 128 cm, height
80 cm and depth 78 cm, Ąlled with fresh water. A schematic of the experimental
set-up is shown in Ągure 5.1 (a). The diameter of the nozzle is 3.8 mm and the
outlet of the nozzle is located 25 cm above the base of the tank, as illustrated in
Ągure 5.1 (b). Six conĄning tanks of width WC , open at top and bottom, were
manufactured from transparent Perspex. The height of the conĄning tanks is
30 cm. The four largest conĄning tanks were constructed with a square cross-
sectional area to avoid distortion of the recorded images by curved surfaces.
The widths of these four square conĄning tanks, WC , are 15 cm, 12.5 cm, 10 cm
and 7.5 cm. The two remaining smaller conĄning tanks were made from circular
pieces of Perspex pipe. The diameters of these conĄning tanks are 4.4 cm and
3 cm. The centre lines of these conĄnements are aligned with the centre line
through the nozzle.
The saline solution is pumped with a Watson Marlow peristaltic pump. In
all experiments, the density of the source Ćuid is kept constant, with a reduced
gravitational acceleration of g′0 = 0.32 m/s
2. The source Ćuxes of momentum
and buoyancy are altered by adjusting the source volume Ćux, as listed in table
5.1.
A JAI 5000-C camera is employed to record images of the 21 experiments
at a frame rate of 1 Hz. Images are recorded until the Ąlling-box Ćow has grown
past the height of the nozzle. The length of individual experiments therefore
varies between 15 and 60 minutes.
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128 cm
80 cm
78 cm
z=0
z=
25 cm
(a)
(b)
Fig. 5.1 (a) CAD drawing of the experimental apparatus. The peristaltic pump
(green) pumps dense liquid from a source bucket (to the left) through a nozzle
into a large tank (to the right), illuminated by a light sheet. (b) Schematic of
the experimental set-up. The dense fountain liquid collapses and accumulates
at the bottom of the tank and forms a dense Ąlling-box layer, which gradually
grows into the tank. The relevant dimensions and labels are given in the
Ągure. DSPF is the width of an unconĄned fountain and WC is the width of
the conĄning tank.
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Exp.
[−]
Q0
[ml/s]
Fr0
[−]
Re0
[−]
HSPF
[cm]
DSPF
[cm]
QSPF
[ml/s]
WC
[cm]
WC
DSP F
[−]
HExp
[cm]
QExp
[ml/s]
1 4.13 15 1429 6.9 2.4 47.6 79 33.5 6.76 54.6
2 4.13 15 1429 6.9 2.4 47.6 7.5 3.2 7.46 56.6
3 8.11 29 2805 13.6 4.6 176 79 17.1 12.0 169
4 8.11 29 2805 13.6 4.6 176 7.5 1.6 12.1 92.6
5 6.14 22 2123 10.3 3.5 102 79 22.5 10.2 125
6 6.14 22 2123 10.3 3.5 102 7.5 2.1 9.61 67.0
7 4.13 15 1429 6.9 2.4 47.6 3 1.3 5.23 170
8 6.14 22 2123 10.3 3.5 102 3 0.9 6.53 18.2
9 8.11 29 2805 13.6 4.6 176 3 0.6 7.21 18.0
10 4.13 15 1429 6.9 2.4 47.6 4.4 1.9 6.13 31.1
11 6.14 22 2123 10.3 3.5 102 4.4 1.3 8.28 35.0
12 8.11 29 2805 13.6 4.6 176 4.4 1.0 8.76 40.0
13 4.13 15 1429 6.9 2.4 47.6 12.5 5.3 6.51 47.5
14 6.14 22 2123 10.3 3.5 102 12.5 3.6 11.7 142
15 8.11 29 2805 13.6 4.6 176 12.5 2.7 13.9 184
16 4.13 15 1429 6.9 2.4 4.76 10 4.2 6.46 50.5
17 6.14 22 2123 10.3 3.5 102 10 2.9 11.1 110
18 8.11 29 2805 13.6 4.6 176 10 2.2 13.1 138
19 4.13 15 1429 6.9 2.4 47.6 15 6.4 6.57 43.2
20 6.14 22 2123 10.3 3.5 102 15 4.3 10.2 112
21 8.11 29 2805 13.6 4.6 176 15 3.2 13.1 207
Table 5.1 Table with source conditions: Number of the experiment (Exp.),
source volume Ćux (Q0), source Froude number (Fr0), source Reynolds number
(Re0), height of an unconĄned fountain (HSPF ), diameter of an unconĄned
fountain (DSPF ), total volume Ćux entrained by an unconĄned fountain (QSPF ),
width of the conĄning tank (WC), ratio of the width of the conĄnement and
the diameter of an unconĄned fountain (WC/DSPF ), measured height of the
conĄned fountain (HExp), and measured total entrainment into the conĄned
fountain (QExp). In all experiments the nozzle diameter was 3.8 mm and the
reduced gravitational acceleration of the dense liquid issuing upwards through
the nozzle has a value of g′0 = 0.32 m/s
2. The nozzle was located 25 cm above
the base of the tank.
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5.4 Experimental observations
The schematic of the experimental apparatus in Ągure 5.1 (b) illustrates a
fountain located inside a conĄnement of width WC . Without the conĄnement,
the fountain would reach a steady-state rise height HSPF . The presence of the
conĄnement, however, may affect this rise height, so that the new rise height
inside the conĄnement is HF .
The fountain liquid issuing through the nozzle decelerates owing to (i) the
negative buoyancy of the Ćuid, and (ii) the entrainment of ambient liquid, so
that the fountain Ćow runs out of momentum at some overshoot height before
the fountain collapses. After this collapse, the fountain no longer entrains
uncontaminated ambient Ćuid, but instead entrains the more dense return Ćow.
This leads to a reduction in fountain height to the quasi-steady fountain height
(Hunt and Burridge, 2015; Turner, 1966).
In the present experiments, the fountain return Ćow accumulates at the
bottom of the tank with a horizontal cross-sectional area of 1 m2. This Ćuid
forms a well-deĄned dense layer at the bottom of the tank, which subsequently
grows upwards as a Ąlling-box Ćow, fed by the fountain return Ćow. Figure 5.2
contains 7 panels, each with a cartoon of the fountain Ćow to the left and an
image of the tank to the right. The fountain Ćuid in these images was dyed red,
and the image was extracted at the exact time when the background Ąlling-box
Ćow reached the height of the nozzle. At this point, the fountain height is still
unaffected by the Ąlling-box Ćow, and the volume Ćux of the Ąlling-box Ćow
corresponds exactly to the total return Ćow of the fountain at the height of the
nozzle. This total return Ćow, QExp, is the sum of the source volume Ćux, Q0,
and the total entrained volume Ćux, QE.
In all experiments listed in table 5.1, the dyed dense layer, fed by the
fountain return Ćow, remained conĄned to the region in the tank below the
nozzle height for at least the Ąrst 11 minutes of each experiment. At the start of
a new experiment, it took less than 1 minute for the fountains to adjust to the
quasi-steady rise height, HF . This fountain height, averaged over 10 minutes
from minute 1 to minute 11, therefore remained unaffected by the Ąlling-box
Ćow and was extracted automatically from time-series images constructed from
a vertical line of pixels through the fountain centre. Such a time-series image is
shown in false-colour for experiment 13 in Ągure 5.3. Blue colour denotes the
absence of dyed fountain Ćuid, red colour denotes a high concentration of this
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Fig. 5.2 A schematic with 7 panels. Each panel contains a cartoon to the left
and a frame from the experiment to the right. This frame is extracted from
the experimental video at the exact point in time when the dense Ąlling-box
layer (red) grows upwards past the height of the fountain nozzle. In panel (a),
the fountain is unconĄned. In panel (b), a perspex conĄning tank of width 15
cm is placed around the fountain. The width of the conĄning tank decreases
from panel (b) to (g).
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Fig. 5.3 Time-series image of a vertical line through the fountain centre for exper-
iment 13 listed in table 5.1, presented in false-colour. The point of Height = 0 cm
corresponds to the nozzle outlet. In this particular experiment, the fountain
occupied the region up to a height of approximately 7 cm. The fountain height
oscillates around this mean fountain height, HF . The colour-coding is a measure
of the light-intensity recorded by the camera. Blue colour represents an absence
of fountain Ćuid, red colour represents a high concentration of dense fountain
Ćuid.
more dense liquid. The extracted averaged fountain height is illustrated as a
dashed red line at a height of approximately 7 cm from minute 1 to minute 11.
The steady-state fountain height was extracted from the experimental videos
for all experiments listed in table 5.1 and the measured heights are presented in
column HExp. To investigate if this measured height is affected by the presence
of the horizontal conĄnement, we compute the ratio of the experimental height
and the unconĄned steady-state height, HExp/HSPF . In Ągure 5.4 we plot this
height ratio as a function of the conĄnement ratio, WC/DSPF . We note that for
WC/DSPF > 2, the experimental heights of the fountains are in good agreement
with the empirical Ąt for analogous unconĄned fountains, highlighted by the
dashed line at a dimensionless height of one. For WC/DSPF < 2, however,
we observe a monotonic decrease of the height ratio for smaller values of the
conĄnement ratio. The data points in Ągure 5.4 correspond to a threshold
value in light intensity of 0.5, and the error bars describe the heights obtained
for light intensity thresholds of 0.25 and 0.75 (cf. Ągure 5.3).
The volume Ćux in the down-Ćow of the fountain exiting the base of the
conĄning tank can be measured by tracking the velocity of the Ąlling-box Ćow
growing upwards from the base of the reservoir. When this Ąlling-box Ćow
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Fig. 5.4 Ratio of experimentally measured fountain height and the fountain
height reached by an equivalent unconĄned single-phase fountain, HExp/HSPF ,
plotted as a function of the ratio of the width of the conĄnement and the
diameter of an unconĄned single-phase fountain for the given source Ćuxes of
buoyancy and momentum, WC/DSPF . The dashed line, at a dimensionless
height of one, illustrates the line of exact agreement. The error bars account
for different light intensity thresholds (cf. Ągure 5.3).
reaches the height of the nozzle, the upward Ąlling-box Ćow exactly matches the
downward return Ćow (cf. Ągure 5.1 (b)). The propagation of the Ąlling-box
Ćow may be tracked by constructing a time-series image of a horizontally-
averaged section outside of the fountain conĄnement. In our investigation we
average the background Ćow over a horizontal distance of 20 cm to the left of
the fountain conĄnement. A time-series image of the Ąlling-box Ćow, recorded
for experiment 9, is shown in Ągure 5.5. Blue colour denotes the absence of the
layer and red denotes a high concentration of the dyed dense fountain Ćuid.
In Ągure 5.5, the height of the nozzle is illustrated by a dashed white line.
We note that this line is not located at a height of 25 cm as the images were
cropped. The slope of the colour contours in Ągure 5.5 corresponds to the
velocity of the Ąlling-box front. The product of this velocity at the height of the
nozzle and the cross-sectional area of the tank gives an experimental estimate
of the fountain down-Ćow, QExp. The slope of the light intensity contour of 0.5
at the height of the nozzle is shown as a dashed red line in Ągure 5.5.
To investigate if the volume of Ćuid entrained by the fountain is affected
by the presence of the conĄnement, we compute the ratio of our experimental
measurement of the return Ćow and the empirical estimate for an analogous
unconĄned fountain, QExp/QSPF . This entrainment ratio is plotted as a
function of the conĄnement ratio, WC/DSPF , in Ągure 5.6. Our experimental
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Fig. 5.5 Time-series image of the evolution of the Ąlling-box layer growing
upwards from the base of the reservoir, presented in false-colour, for experiment
9. The colour-coding is a measure of the light intensity recorded by the camera.
Red colour represents a high concentration of dense Ćuid. Initially, the ambient
is clear, as indicated by the dark blue region from Time = 0 s to Time =
200 s. Subsequently, a Ąlling-box Ćow develops, which grows past the nozzle
height (dashed white line) after approximately 3000 s. The slope of the contour
between the neutrally buoyant ambient liquid (blue) and the dense liquid
(yellow-red) corresponds to the Ąlling-box velocity of the ascending front.
data suggests that the fountain entrainment remains unaffected by the presence
of the conĄnement for WC/DSPF > 2. As for the height ratio, we observe a
monotonic decrease if the entrainment ratio, WC/DSPF , decreases below the
threshold value of 2. The dashed line in Ągure 5.6 has a dimensionless height of
one and illustrates the entrainment expected for an unconĄned fountain. The
data points in Ągure 5.6 were obtained by considering the slope of the light
intensity contour extracted at a light intensity value of 0.5. Similarly, the error
bars correspond to light intensity thresholds of 0.25 and 0.75 (cf. Ągure 5.5).
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Fig. 5.6 Ratio of experimentally measured fountain entrainment and the em-
pirical estimate of the entrainment into an equivalent unconĄned single-phase
fountain, QExp/QSPF , plotted as a function of the ratio of the width of the
conĄning tank and the diameter of an unconĄned single-phase fountain with
the given source Ćuxes of buoyancy and momentum, WC/DSPF . The dashed
line, at a dimensionless height of one, illustrates the line of exact agreement.
The error bars account for different light intensity thresholds (cf. Ągure 5.5).
5.5 Scaling for confined fountain
The volume Ćux entrained by unconĄned turbulent fountains depends on the
source Ćuxes of buoyancy and momentum, according to equation 5.4. This
equation, however, is only appropriate if the conĄnement ratio (cf. equation
5.5) exceeds a value of 2. For smaller values of the conĄnement ratio we observe
a decrease in total entrainment, as illustrated by Ągure 5.6. We now proceed by
investigating the controls on the entrainment ratio for these conĄned fountains
(WC/DSPF < 2).
The radius of a circular conĄnement corresponds to half the width of the
conĄnement, RC = WC/2, so that the cross-sectional area of the conĄnement is
AC = πR
2
C . The conĄnement is Ąlled with dense Ćuid up to the measured rise
height of the fountain, HExp. The Ćuid surrounding the fountain is well-mixed
and the velocity of the outĆow at the bottom of the tube scales as
√
g′CHExp.
Hence, the volume Ćux leaving the conĄnement through the open base is
QC = πR
2
Cγ
√
g′CHExp (5.6)
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Fig. 5.7 Ratio of experimentally measured fountain entrainment and the estimate
of the entrainment into an extremely conĄned fountain, QExp/QC , plotted as
a function of the ratio of the width of the conĄnement and the diameter
of an unconĄned single-phase fountain, WC/DSPF . The dashed line, at a
dimensionless height of one, illustrates the line of exact agreement. The error
bars account for different light intensity thresholds (cf. Ągure 5.5).
where γ is a constant. Similarly, the buoyancy Ćux through the base of the
conĄning tank is
BC = B0 = πR
2
Cg
′
Cγ
√
g′CHExp, (5.7)
which corresponds to the source buoyancy Ćux B0. Equation 5.7 can be solved
for g′C so that equation 5.6 can be written as
QC = π
2/3γ2/3R
4/3
C B
1/3
0 H
1/3
Exp. (5.8)
In Ągure 5.7 we compare this estimate of the total fountain volume Ćux with
our experimental data by plotting the ratio of QExp and QC as a function of the
conĄnement ratio, WC/DSPF . For values of this entrainment ratio smaller than
4, the experimental data is in good agreement with the estimate of equation
5.8 for a value of γ = 0.33 ± 0.05.This suggests that this scaling, based on
the geometry of the conĄnement and conservation of buoyancy, captures the
physics controlling the entrainment of extremely conĄned turbulent fountains.
The Reynolds number of the down-Ćow exiting the base of the conĄning
tank, based on the velocity of the down-Ćow, uC , and the radius of the conĄning
tank, RC , is
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ReC =
uCRC
ν
, (5.9)
where ν is the kinematic viscosity of the Ćuid. In the present experiments, this
Reynolds number ranges from 300 to 1000, indicating that the drag exerted
by the walls of the conĄning tank may act to slow the down-Ćow. The force
balance on this down-Ćow is between the buoyancy force, FB, and the drag
force exerted by the conĄning walls, FD. For a circular cross-sectional area
with radius RC , and a height of the dense Ćuid inside the tube H, these two
forces are
FB = ∆ρgπR
2
CH and FD = CD
1
2
ρu2C2πRCH, (5.10)
where CD is a drag coefficient. Equation 5.10 can be re-arranged for the velocity
of the down-Ćow of the fountain exiting through the base of the conĄning tank,
uC =
√
1
CD
RC
H
√
g′CH = γ
√
g′CH, (5.11)
suggesting that γ =
√
1
CD
RC
H
≈ 0.33. The description of the drag force in
equation 5.10 only accounts for the drag exerted by the walls of the conĄning
tank. There is an additional drag force exerted on the down-Ćow by the jet-like
up-Ćow in the fountain core. The presence of this counter-Ćow also reduces
the area available for the down-Ćow. This is not included in this model. The
presence of the drag force, providing resistance to the fountain down-Ćow,
rationalises why the velocity of the down-Ćow, exiting through the base of the
conĄning tank, is smaller than expected from a Bernoulli argument.
5.6 Summary
In this chapter we presented an experimental investigation of the effects of
horizontal conĄnement on the rise height and the total entrainment of turbulent
single-phase fountains. Our experimental data suggests that both the rise
height and the entrainment into the fountain remain unaffected by the presence
of the conĄnement if the width of the conĄnement exceeds the diameter of the
fountain by a factor of 2 or more. For smaller values of the ratio of conĄnement
width and fountain diameter, we observe that both the fountain height and the
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fountain entrainment decrease monotonically. We developed a scaling argument
for the entrainment of extremely conĄned fountains.
Chapter 6
Particle-driven gravity currents
6.1 Abstract
We present an experimental investigation of steady particle-driven gravity
currents with Reynolds numbers in the range 500 to 1600, and with the ratio
of the initial current speed to the fall speed of the particles, S = u0/ufall, in
the range 5 < S < 160. We identify three regimes:
(i) For S < 10, the particles settle close to the source at a velocity corre-
sponding to their fall speed, consistent with the observation of sedimenting
fronts in classical settling column experiments.
(ii) In the range 10 < S < 40, a steady gravity current develops within the
tank. The experiments show that the depth of the gravity current gradually
decreases away from the source and dye added to the source liquid appears
above the gravity current along its entire length, suggesting that there is a
sedimentation front, so that the volume and momentum Ćuxes of the current
gradually decrease with distance from the source. We Ąnd that as S increases,
the descent speed of the sedimentation front decreases relative to the fall speed
of the particles, and the run-out length of the gravity current increases. We
note that the density of the interstitial Ćuid corresponds to the density of
the ambient Ćuid, so that any reduction in buoyancy of the gravity current is
attributed to the sedimentation of particles on the Ćoor of the tank and we do
not observe lofting of the interstitial Ćuid.
(iii) For 40 < S < 160, the gravity currents reach the end of our experimental
tank and we no longer observe a sedimentation front. For these experiments, it
appears that the entrainment at the top of the current begins to match the
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sedimentation and so the current depth does not change signiĄcantly over the
scale of the tank, but a larger scale experimental system would be needed to
explore the full run-out behaviour for these larger values of S.
For the intermediate case, 10 < S < 40, we develop a model for the conser-
vation of volume, momentum and buoyancy Ćuxes in the current, accounting
for the sedimentation front and the release of Ćuid at the top surface of the
gravity current, and we compare this with our new experimental data.
6.2 Introduction
Continuous particle-driven gravity currents frequently occur in nature and
industry. In nature, examples include pyroclastic Ćows issuing from volcanoes,
sustained turbidity currents and the continuous discharge of particles into
lakes and oceans by sediment-laden rivers (Bonnecaze et al., 1993; Middleton,
1993; Simpson, 1999; Steel et al., 2016; Ungarish, 2009). In the oil and gas
industry, the process industry, and in water treatment facilities, separators
are employed to split continuous streams of multiphase mixtures into their
single-phase components (DeRooij, 1999). Understanding the run-out distance
and sedimentation from these Ćows, as well as the fate of the host Ćuid, is
important to optimise industrial equipment and to assess the hazards posed by
naturally occurring particle-driven currents, especially since contaminants on
the particles may become dissolved in the host Ćuid.
In the sedimentology literature, there is a wealth of papers exploring the
sedimentation of particles in settling columns (Davis and Acrivos, 1985; Kynch,
1952), and often the effects of hindered settling lead to dispersal of the sedi-
mentation front (Blanchette and Bush, 2005; Guazzelli and Hinch, 2011).
There is also signiĄcant literature exploring the dynamics of particle-laden
gravity currents, arising from the original work of Von Karman (1940) and
Benjamin (1968). Many authors have explored the dynamics of Ąnite-volume
gravity currents produced by the release of a Ąxed volume of Ćuid from a lock
gate. Models of these Ćows often assume that the Ćow maintains a constant
volume (Bonnecaze et al., 1993; Huppert, 1998, 2006; Simpson, 1999; Ungarish,
2009). For such particle-laden gravity currents, the concentration is then
assumed to decrease through sedimentation from the base of the Ćow, while
the current is often assumed to remain well-mixed at each position along
the Ćow and the effects of any sedimentation front are ignored (Bonnecaze
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et al., 1993). These simpliĄcations have been successful in developing models
to describe the position of the nose of the current as a function of time
in the case that the current speed far exceeds the particle settling velocity,
u(x) >> ufall. Given that sedimentation fronts do develop in settling columns,
it is of interest to explore if there are conditions under which a sedimentation
front develops in gravity-driven Ćows, and to explore the fate of the host Ćuid as
the particles sediment. In our investigation, the density of the interstitial host
Ćuid corresponds to the density of the ambient Ćuid, so that any reduction in
buoyancy of the gravity current is attributed to the sedimentation of particles
on the Ćoor. We note that if the density of the host Ćuid exceeds the density of
the ambient Ćuid, the overall density and thus the velocity of the gravity current
would increase. The host Ćuid would continue to travel as a single-phase gravity
current after the particles have sedimented. Conversely, if the interstitial host
Ćuid is less dense than the ambient Ćuid, the overall buoyancy of the gravity
current would be reduced and the gravity current would lose buoyancy through
the sedimentation of particles as well as through the escape of host liquid at
the top of the gravity current. Depending on the magnitude of the density
difference between host Ćuid and ambient Ćuid, and the size and density of
the particles, the lofting interstitial Ćuid may lift particles up from the gravity
current (Steel et al., 2017). This complication is beyond the scope of the present
study.
We have chosen to study the dynamics of steady particle-driven gravity
currents, which are sustained by a maintained source of particle-laden Ćuid.
We explore the conditions under which a sedimentation front develops on the
upper surface of the gravity current, and we assess the impact of this on the
evolution of the mass and momentum Ćux of the Ćow. In our investigation,
we assume that the Shields parameter of the Ćow, Θ = ρcu
2
(ρp−ρc)gd
, is sufficiently
small, so that the re-suspension of particles from the bed can be neglected
(cf. Eames et al. (2001)). ρc is the bulk density of the Ćow, ρp is the particle
density and d is the particle diameter. u is the velocity of the Ćow and g is the
gravitational acceleration.
First, we present a series of experiments in which steady, particle-driven
gravity currents develop from the collapse of turbulent multiphase fountains.
This source condition allows for the supply of a continuous volume Ćux without
imposing an initial horizontal momentum to the Ćow. We measure the depth of
the current as a function of position and we use Ąnite pulses of dye in the source
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Ćuid to determine the fate of the Ćuid as it moves through the current. We
also develop a quantitative model for the conservation of the Ćuxes of volume,
momentum and buoyancy. This model accounts for a possible sedimentation
front, and, by comparison with our experimental data, we propose that the
effective speed of this front decreases as the ratio of the current speed to the fall
speed of the particles, S, increases. We consider the implications of our model
for the dynamics of particle-laden gravity currents in industry and nature.
6.3 Experimental method
Particle-driven gravity currents were generated by issuing a mixture of fresh
water and mono-dispersed Silicon-Carbide particles through a nozzle upwards
10 cm from the end of a Perspex tank with length Ltank = 3 m long, 40 cm high
and 15 cm wide, initially Ąlled with fresh water. The dense, particle-laden jet
exiting through the nozzle decelerates owing to its negative buoyancy and the
entrainment of ambient liquid. The jet eventually comes to rest and collapses,
thereby forming a turbulent multiphase fountain with a source Reynolds number
of approximately 2500. This source Reynolds number is based on the density of
the injected Ćuid, ρS, and the nozzle diameter, dS = 8.6 mm, as a length scale,
ReS =
ρS uS dS
µW
, (6.1)
where µW ≈ 1 mPa s is the dynamic viscosity of water at room temperature
and uS is the nozzle exit velocity. The density of the source Ćuid, ρS, is
proportional to the source concentration of particles, CS.
A schematic of the experimental set-up is shown in Ągure 6.1. After an
initial transient, the current reaches a steady-state. In this chapter we present
a set of 35 experiments, 24 of which were run with a single fountain source.
The corresponding experimental set-up is shown in panel (a) of Ągure 6.1. The
second schematic in this panel is a top view of the tank, focusing on the nozzle
section to illustrate the positioning of the nozzle. A further set of 8 experiments
was run with two fountain sources distributed evenly in the spanwise direction
of the tank to double the volume Ćux. The corresponding experimental set-up
is shown in Ągure 6.1 (b). These experiments are marked with an asterisk
(*) in table 6.1. Three additional experiments were run with a plume source,
directed downwards and placed 12.5 cm above the base of the tank. Figure
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6.1 (c) contains a schematic of this experimental set-up. These experiments
are marked with two asterisks (**). In three experiments, the gravity current
did not sediment the particle load prior to reaching the end of the tank, and
so a steady-state was not reached. These experiments are marked with three
asterisks (***). The source liquid, a mixture of fresh water and Carborex
Silicon-Carbide particles produced by Washington Mills, was pumped with a
Watson Marlow peristaltic pump. The particles have diameters between 13 and
63µm. The concentration at the source of the fountain was kept between 20
and 80 grams of particles per litre of water. This concentration was further
reduced by dilution in the fountain, resulting in gravity currents with initial
Reynolds numbers between 500 and 1600. The initial Reynolds number of the
gravity current is based on the density of the Ćuid at the onset of the gravity
current, ρ0, and the initial current height, h0, as a length scale,
Re0 =
ρ0 u0 h0
µW
, (6.2)
where u0 is the initial velocity of the gravity current. Please refer to section
6.5 for a detailed discussion of the initial values of current height, density and
velocity. The source Reynolds number, ReS (equation 6.1), is calculated per
nozzle. For the double fountain source, however, the initial Reynolds number
of the current, Re0 (equation 6.2), is calculated based on the added Ćow rates
from the two sources forming the gravity current.
An electroluminescent light sheet was placed behind the tank to provide
uniform illumination. Images were recorded with a JAI 5000-C camera. The
videos, 6.25 minutes in length, have a frame rate of 4Hz. The steady-state
shape of the gravity currents was extracted by time-averaging over the last 2
minutes of the experiments.
In the experiments marked with a subscript b in table 6.1 a burst of red dye
was added to the source liquid. The density difference between this water-based
dye and the ambient fresh water is much smaller than the density difference
between the particle-laden water and the fresh water, so that the effects of the
dye on the Ćow are negligible.
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Fig. 6.1 Two-dimensional schematic of the experimental apparatus and cartoon
of the transition of the Ćow from a turbulent fountain or plume into a particle-
driven gravity current. The second cartoon in each panel is a top-view of the
tank, focussing on the nozzle section to illustrate the nozzle arrangement on a
horizontal plane. (a) Single fountain source, (b) double fountain source, and
(c) single plume source.
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Exp.
[−]
dP
[µm]
ufall
[mm/s]
CS,SiC
[g/LW ]
QS
[ml/s]
FrS
[−]
Q0
[ml/s]
L
[cm]
h0
[cm]
S
[−]
Re0
[−]
1 63 4.78 20 17.0 12 163 13.2 4.4 5 1087
2 63 4.78 40 17.0 9 121 17.5 2.6 7 804
3 45 2.39 20 17.0 12 163 35.6 4.4 10 1087
4 45 2.39 40 17.0 9 121 36.1 2.6 13 804
5 45 2.39 80 17.0 6 90.7 35.7 1.5 16 605
6 37 1.60 20 17.0 12 163 76.7 4.4 15 1087
7 37 1.60 40 17.0 9 121 81.5 2.6 19 804
8 37 1.60 80 17.0 6 90.7 120 1.5 24 605
9 29 1.03 20 17.0 12 163 208 4.4 24 1087
10 29 1.03 40 17.0 9 121 216 2.6 30 804
11*** 29 1.03 80 17.0 6 90.7 (253) 1.5 38 605
12* 63 4.78 20 10.5 8 133 15.5 3.3 6 887
13* 63 4.78 40 10.5 5 101 22.8 2.0 7 670
14* 45 2.39 20 10.5 8 133 37.4 3.3 11 887
15* 45 2.39 40 10.5 5 101 40.7 2.0 14 670
16* 37 1.60 20 10.5 8 133 64.3 3.3 17 887
17* 37 1.60 40 10.5 5 101 75.3 2.0 21 670
18* 63 4.73 40 16.9 9 240 61.2 4.1 8 1600
19* 45 2.39 40 16.9 9 240 95.9 4.1 16 1600
20 37 1.60 30 17.0 10 136 59.7 3.2 18 910
21 37 1.60 50 17.0 8 110 65.5 2.2 21 732
22 37 1.60 60 17.0 7 102 70.2 1.9 22 679
23 29 1.03 30 17.0 10 136 139 3.2 28 910
24 29 1.03 50 17.0 8 110 155 2.2 33 732
25 29 1.03 60 17.0 7 102 217 1.9 35 679
26** 45 2.39 60 17.0 7 96.6 45.9 1.8 15 644
27** 37 1.60 50 17.0 8 91.0 73.8 1.8 21 606
28** 29 1.03 30 17.0 10 76.9 123 1.8 28 513
29*** 23 0.63 40 17.0 9 121 - 2.6 50 804
30*** 13 0.20 40 17.0 9 121 - 2.6 158 804
31b 63 4.78 20 11.4 8 77.9 - 3.1 5 779
32b 53 3.38 20 11.4 8 77.9 - 3.1 7 779
33b 45 2.39 20 11.4 8 77.9 - 3.1 10 779
34b 37 1.60 20 11.4 8 77.9 - 3.1 15 779
35b*** 13 0.2 20 11.4 8 77.9 - 3.1 126 779
Table 6.1 Table with source conditions: Number of the experiment (Exp.),
particle diameter (dP ), particle fall speed (ufall), particle concentration supplied
through nozzle (CS), volume Ćux supplied through nozzle (QS), source Froude
number of the fountain (FrS), initial volume Ćux feeding the gravity current
(Q0), run-out length of the gravity current (L), initial height of the gravity
current (h0), ratio of Ćuid velocity to particle settling velocity, S, and initial
Reynolds number of the current (Re0). In experiments marked with (*) the
source was comprised of two nozzles. In experiments marked with (**) the
mixture was issued into the tank as a plume (directed downwards), positioned
12.5 cm above the Ćoor. In experiments marked with (***), the currents reached
the end of the 3 m Ćume tank. In experiments with subscript b a burst of red
dye was added to the source liquid in steady-state. These experiments were run
in a tank 150 cm long and 10 cm deep. The value for Q0 was computed from
equation 6.9 and the initial velocity was obtained via the relation u0 =
√
g′0h0.
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6.4 Experimental observations
In the experiments we have systematically varied the size and concentration of
the particles, the source Ćuid volume Ćux, and the orientation of the source
(single fountain source, double fountain source, plume source).
Panel (a) of Ągure 6.2 shows an instantaneous image of a gravity current
(exp. 6) in steady-state. A dark colour indicates a high concentration of particles.
The image shows the multiphase fountain to the left. This feeds the gravity
current, which gradually thins out over approximately 150 cm. Panel (b) of
Ągure 6.2 shows a two minute time-averaged shape of the gravity current in
false-colour. Dark blue indicates a high concentration of particles, red denotes
the absence of particles. This time-averaged shape smooths the Ćuctuations in
depth of the current and corresponds to the steady mean shape of the gravity
current. The Ćuctuations, visible in panel (a), lead to a diffuse front in the
time-averaged image. Panels (c) to (e) of Ągure 6.2 show time-series images
of the three vertical lines shown in (a) and (b). We interpret the oscillations
around a mean depth as the result of apparent turbulent Ćuctuations in the
Ćow. The mean depth and the particle concentration decrease from panel (c)
to panel (e) corresponding to the change in the gravity current as it moves
downstream.
In experiments 31-35 we added a Ąnite volume of red dye to the source liquid
supplied through the nozzle once the steady current had become established.
As the Ćuid moves along the current, it may be seen that in experiments
31-34 some of the dyed liquid separates from the upper surface of the current
(see Ągure 6.3 (a)-(f) for experiment 33). In panel (a) only the time-averaged
shape of the fountain and gravity current (in dark grey) is visible. This Ągure
indicates that Ćuid detrains from the gravity current into the environment as
the particles sediment from the Ćow. Panels (e) and (f) highlight that the dyed
Ćuid continues to travel along the tank, implying that this liquid also carries
momentum away from the gravity current. Panel (g) corresponds to panel (d),
but the instantaneous outline of the gravity current is shown, rather than the
time-averaged proĄle.
In Ągure 6.4 (a) we show the thickness versus distance of 27 experiments.
We do not include the three experiments which reach the end of the Ćume tank.
The colour-coding indicates the value of the dimensionless settling parameter,
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Fig. 6.2 (a) Instantaneous image of the gravity current (exp. 6 in table 6.1).
(b) False-colour image of the time-averaged, steady-state shape of the current.
Blue colour denotes a high concentration of particles, red colour denotes the
absence of particles. (c-e) False-colour time-series images at the locations
marked by columns (i), (ii) and (iii) in (a) and (b).
g
Fig. 6.3 (a) Visualisation of the time-averaged steady-state shape of the gravity
current in grey. (b)-(f) A burst of red dye was added to the source liquid
to investigate the separation of the source liquid from the gravity current.
Red dye emerges above the current, along the entire length of the current.
This dyed liquid continues to propagate owing to its residual momentum. (g)
Instantaneous shape of the gravity current corresponding to panel (d).
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S,
S =
u0
ufall
, (6.3)
where u0 is the initial velocity of the gravity current and ufall is the terminal
fall speed of the particles. Please refer to equation 6.10 for the exact deĄnition
of ufall. Dark blue corresponds to S ≈ 5, and dark red corresponds to S ≈ 30.
This plot shows that the run-out distance and the total area occupied by
the gravity current increase for larger values of S. It has previously been
shown that the parameter S is crucial for describing the dynamics of transient
particle-laden gravity currents produced by a Ąnite release of Ćuid (Bonnecaze
et al., 1993). The depth on the y-axis and the distance travelled on the x-axis
are both normalised by the initial depth, h0. In section 6.5 we give a detailed
description of the initial velocity u0 and depth h0.
We note that in experiment 35, obtained for S = 126, we did not observe a
reduction in height of the gravity current along the entire length of the tank
and the dye remained conĄned to the gravity current.
Panel (b) of Ągure 6.4 shows a cartoon describing the processes within the
gravity current. The current is fed by the fountain, which supplies an initial
volume Ćux per unit width, q0 = u0h0, as well as an initial particle volume
fraction, C0. As particles settle there is a reduction in depth of the current,
and some deposition of particles at the base of the tank. The reduction in
depth releases some of the Ćuid from the upper surface of the current. However,
the apparent turbulent Ćuctuations (Ągure 6.2) lead to some mixing near this
interface so that the rate of decrease of depth of the current is smaller than
the fall speed of the particles. These turbulent Ćuctuations are likely to arise
owing to the small density gradient between the top of the propagating gravity
current and the ambient as the particles begin to settle from the top of the
gravity current. This shear-driven mixing, in turn, leads to a reduction in the
speed of the sedimentation front to values smaller than the fall speed of the
particles. Owing to the low concentration of particles (C0 < 0.5% by volume)
it is likely that convective mixing, caused by convective particle settling, is
negligible (Hoyal et al., 1999). Owing to the change in density of the upper
parts of the current associated with the sedimentation, the entrainment process
is different to the mixing of ambient Ćuid into continuous single-phase gravity
currents. In a single-phase gravity current, mixing occurs predominantly near
the head of the current, while the density gradient between the tail of the
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z
Fig. 6.4 (a) Plot of dimensionless depth as a function of dimensionless distance
from the source for 27 experiments (experiments marked with (***) were
excluded). The depth and the horizontal distance are normalised by h0. (b)
Cartoon of a particle-laden gravity current in steady-state. The particle
concentration, C(x), the volume Ćux, q(x), and the depth of the current, h(x),
decreases with distance from the source.
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gravity current and the ambient limits the mixing behind the head (Sher and
Woods, 2017).
From the contours of the gravity currents displayed in Ągure 6.4 (a) one can
extract the run-out distance of the gravity current, L, deĄned as the horizontal
distance from the source, at which h = h0, to the point where h = 0. These
contours were obtained from the time-averaged gravity current proĄles (cf.
Ągure 6.2 (b)). In estimating the run-out distance, there is some variability in
the exact distance owing to the Ćuctuations in the Ćow; we have included some
estimate of this variability by comparing the location of the run-out lengths
estimated from the time-averaged images of the Ćow, using the light-intensity
contour of 0.4, with error bars representing the distances reached by light
intensity contours of 0.3 and 0.5 (see Ągure 6.2). The run-out distance, L,
normalised by the initial height, h0, is shown as a function of S in Ągure 6.5
(a), demonstrating that the run-out length increases as either the initial current
speed increases or the particle fall speed decreases. The dash-dotted line in this
Ągure corresponds to a power-law best-Ąt of our experimental data in the form
L
h0
= a Sb (6.4)
with a = 0.048 and b = 2.2. The coefficient of determination, R2, of this Ąt is
0.92.
For simple settling, the time required for a particle to fall from the top
of the gravity current to the Ćoor is τfall = h0/ufall, while we expect the
travel time of the particle from the source to the end of the gravity current to
scale as τtravel = L/u0. In Ągure 6.5 (b) we plot the ratio of τfall and τtravel,
measured in our experiments, as a function of S, and we observe that this ratio
decreases for larger values of S. We note that for S > 40, we do not in fact
observe a reduction in depth over the entire length of the 3 metre Ćume tank
(experiments marked with (***)). These data suggest that the effective descent
speed of the sedimentation front, ufront, decreases relative to the fall speed of
individual particles, ufall, as S increases. We hypothesise that the reduction of
the apparent fall speed of the sedimentation front results from the increasing
importance of the mixing near the top surface of the current as the current
speed increases to values far in excess of the settling speed of the particles (cf.
Cardoso & Woods (1995)). The dash-dotted line corresponds to the power-law
best-Ąt shown in panel (a). On this plot, this best-Ąt has the form
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Fig. 6.5 (a) Plot of experimental run-out length of the gravity current, L,
normalised by the initial height of the gravity current, h0, as a function of
S = u0/ufall. (b) Plot of the ratio of fall-time, τfall = h0/ufall and travel-time,
τtravel = L/u0 as a function of S. Circles correspond to experiments marked
with (***). The dash-dotted line in both panels describes a power-law best-Ąt,
deĄned in the legend.
τfall
τtravel
=
S h0
L
=
1
a
S1−b. (6.5)
This best-Ąt has only been plotted over the range for which it has been validated
experimentally (see panel (a)) and it is in good agreement with the experimental
data.
6.5 Theoretical model
6.5.1 Initial conditions
The source Ćuxes of volume, momentum and buoyancy, QS, MS and BS issuing
through the nozzle can be used to construct a source Froude number for the
fountain,
Frs =
(MS/π)
5/4
(QS/π)(BS/π)1/2
=
uS√
bSg′S
(6.6)
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where uS is the nozzle exit velocity of the mixture, bS = 4.3mm is the nozzle
radius, and g′S is the reduced gravity at the source (Hunt and Burridge, 2015).
The source momentum Ćux is
Ms = QSuS = πb
2
Su
2
S (6.7)
and the source buoyancy Ćux is
Bs = QSg
′
S = πb
2
SuSg
′
S. (6.8)
In our experiments, the terminal particle fall speed, ufall, is small compared
to the characteristic velocity of the fountain (cf. appendix of this chapter), so
that the fountain behaves as an analogous single-phase fountain (Mingotti and
Woods, 2016). We employ an empirical correlation developed through careful
experiments by Burridge & Hunt (2016) to estimate the entrainment into the
fountain based on the Froude number, leading to the estimate for the volume
Ćux feeding the gravity current
Q0 = Qs(1 + 0.71Frs). (6.9)
In the appendix, we present a further set of experiments in which we measure
the entrainment into the turbulent fountains analogous to those generated in our
experiments. These additional experiments are conducted Ąrst in an unconĄned
environment, and second in a conĄned tank of width and depth 17 cm. These
experiments conĄrm that the entrainment into the fountain is not hindered by
the presence of the walls of the Ćume tank in the present experimental set-up,
so that equation 6.9 serves as a good approximation for the initial volume
Ćux of the gravity current. In the three experiments run with plume sources
(marked with (**) in table 6.1), the classical solutions for turbulent plumes were
employed to estimate the analogous Ćux (Morton et al., 1956). We assume that
there is no particle settling within the area occupied by the fountain, owing
to the much higher Ćow speed of the fountain as compared to the particle
settling speed, so the buoyancy Ćux supplied to the gravity current from the
fountain is assumed to equal the buoyancy Ćux supplied to the tank by the
pump. The initial reduced gravity of the current is thus g′0 = g
′
sQs/Q0, which
is proportional to the volume fraction of particles. The reduced gravity of the
current can be written as a function of the horizontal coordinate, x, in the form
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g′(x) = gC(x)(ρp − ρw)/ρw, where ρw = 1g/cm3 and ρp = 3.21 g/cm3 are the
density of the water and the particles and g is the gravitational acceleration.
With the initial volume Ćux given by equation 6.9, and the initial velocity
taken as u0 =
√
g′0h0, the initial height of the current follows as h0 = q0/u0.
At this point, the Froude number of the Ćow, Fr0 = u0/
√
g′0h0 has value 1
(Simpson, 1999; Ungarish, 2009). The initial Ćuxes of momentum and buoyancy
per unit width are q0u0 and q0g
′
0. The particle fall speed, ufall, corresponds to
the StokesŠ settling velocity,
ufall =
2
9
g
ρp − ρw
µW
d2P
4
(6.10)
where µW is the dynamic viscosity of water and dP is the particle diameter, as
listed in table 6.1.
6.5.2 Model of the steady particle-driven gravity cur-
rent
Models for single-phase gravity currents, based on the original work of Von
Karman (1940) and Benjamin (1968) usually consider vertically-averaged Ćuxes
of volume, buoyancy and momentum and describe how these Ćuxes change
in the along-Ćow direction (Huppert, 1998; Simpson, 1999; Ungarish, 2009).
Following this approach, models for particle-driven gravity currents have been
proposed by including a term for the reduction in buoyancy owing to the
sedimentation of particles from the base of the Ćow (Bonnecaze et al., 1993;
DeRooij, 1999; Huppert, 2006). We now build on this work to include the
possibility of a sedimentation front on the upper surface of the current as
suggested by our experimental observations (cf. Ągure 6.3). We assume the Ćow
is well mixed and has depth h, speed u and buoyancy, g′ (cf. Sher and Woods
(2015); Ungarish (2009)).
In our experiments, the volume Ćux within the gravity current, q = uh,
reduces from its initial value, q0, to zero as the gravity current runs to the
maximum distance x = L. The experimental data presented in Ągure 6.3 and
6.5 (b) suggest that this Ćuid is released as particles sediment from the top
of the current. As S = u0/ufall increases, our data suggests that the effective
sedimentation speed at the top of the current, ufront, is reduced. We interpret
this to be a result of the mixing near the interface between the current and
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the ambient Ćuid, which suppresses the descent of the sedimentation front of
particles. If we write ufront = ufallf(u(x)/ufall), then the change of volume
Ćux in the horizontal direction is given by
d(h(x)u(x))
dx
= −ufall f
(
u(x)
ufall

. (6.11)
For simplicity in this chapter we assume that
f
(
u(x)
ufall

= 1− ϵu(x)/ufall for ufall > ϵu(x), (6.12)
and aim to determine the constant ϵ from our data. We note that in our
experimental study we have not observed gravity currents in which the volume
Ćux increases from the source, so the above expression has only been validated
for ufall > ϵu(x). However, we note that as u/ufall increases, a further compli-
cation emerges because the Shields number of the Ćow increases and eventually
reaches the threshold at which particles in the bed may become resuspended
(cf. Eames et al. (2001)), a process which is beyond the scope of the present
study.
The particle Ćux continually decreases as particles sediment. The sedimen-
tation of particles occurs in a viscous boundary layer close to the base of the
tank and is proportional to the local particle concentration (cf. Bonnecaze
et al. (1993)),
d(C(x)h(x)u(x))
dx
= −ufallC(x). (6.13)
Combining this with equation 6.11, we Ąnd that the particle concentration
decreases with distance according to the relation
dC(x)
dx
= −ϵC(x)
h(x)
. (6.14)
The rate of change of momentum Ćux in the longitudinal direction is due to
both the change in depth of the gravity current and the reduction in particle
load
d(u2h)
dx
= −g′hdh
dx
− h2dg
′
dx
+ u
d(uh)
dx
. (6.15)
The term ud(uh)
dx
corresponds to the momentum carried by the liquid leaving
the gravity current as particles sediment from the upper surface of the gravity
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current. We can combine the above equations to determine the rate of change
of velocity in the current,
du(x)
dx
=
g′(x)ufall
u(x)2 − g′(x)h(x) . (6.16)
For u20 > g
′
0h0, the Ćow is super-critical and equation 6.11 suggests that the
liquid in the gravity current accelerates and the depth of the Ćow reduces with
distance from the source. For u20 < g
′
0h0, the Ćow is sub-critical and in that case,
the liquid in the gravity current decelerates, leading to an increase in depth
with distance from the source. Our experimental Ąndings (cf. Ągure 6.2 - 6.5)
suggest that the Ćow is critical at the fountain and follows the super-critical
branch, as expected from classical hydraulics (Long, 1954). For evaluating
the model predictions we choose the initial velocity to be just supercritical,
u0 = 1.001
√
g′0h0. We have found that the model predictions are insensitive to
the exact magnitude of the positive perturbation as long as it is much smaller
than 1. We can write the above equations in dimensionless form by normalising
with q0 and g
′
0, resulting in the dimensionless variables and initial conditions
qˆ =
q
q0
gˆ′ =
g′
g′0
xˆ =
x
q
2/3
0 g
′−1/3
0
uˆ =
u
(q0g′0)
1/3
uˆ(0) = 1.001.
(6.17)
This leads to the set of dimensionless equations
dqˆ
dxˆ
= − 1
S
+ ϵuˆ,
dgˆ′
dxˆ
= −ϵgˆ
′
hˆ
,
duˆ
dxˆ
=
gˆ′/S
uˆ2 − gˆ′hˆ . (6.18)
It is worth repeating that the equations in equation 6.18 are only valid for
S < 1/ϵ. In Ągure 6.6 (a) - (d) we show the predictions of the dimensionless
model for the volume Ćux, depth, reduced gravity and velocity as a function of
dimensionless distance from the source. The four lines in each panel correspond
to the four values for S given in panel (d). We note that the run-out length
increases for larger values of S. Owing to a short run-out length, the plots
for S = 1 are barely visible in this Ągure. For a more detailed view of this,
please refer to Ągure 6.7 in which the horizontal distances are normalised by
the total run-out length. In Ągure 6.6 (a) we see that the volume Ćux decreases
approximately linearly with distance from the source. The proĄles of gravity
current height as a function of distance from the source, shown in panel (b),
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Fig. 6.6 Variation of the dimensionless volume Ćux (a), depth (b), reduced
gravity (c), and velocity (d) of the current as a function of dimensionless distance
from the source. The dot-dashed line was obtained for S = 1, the solid line
for S = 10, the dashed line for S = 20, and the dotted line for S = 30. These
model predictions were obtained for the best-Ąt mixing parameter ϵ = 0.012.
highlight that the height of the gravity current decreases rapidly close to the
origin of the current. The plot of reduced gravitational acceleration within
the current, as a function of distance from the source (panel (c)), shows that
the particle load within the current transitions towards an asymptotic shape
as the parameter S increases. For small values of S, the particle load reduces
more abruptly towards the end of the gravity current. The velocity within the
gravity current is plotted as a function of horizontal distance in panel (d). The
model prediction presented in this panel indicates that the Ćow accelerates
close to the origin of the gravity current and then converges to a more uniform
speed.
The four panels in Ągure 6.7 correspond to the four panels shown in Ągure
6.6, with the horizontal axis normalised by the total run-out distance, x/L, to
allow for a qualitative comparison of the four quantities. We note that with
this choice of normalisation, the proĄles of volume Ćux (a), current height (b),
and velocity (d) are similar over the entire range 1 < S < 30. The reduced
gravity of the current, plotted as a function of the dimensionless distance from
the source in panel (c), however, depends strongly on the value of S. For small
values of S, corresponding to small fall speeds, the particle load remains high
over most of the length of the gravity current, before abruptly decreasing as the
current reaches the Ąnal run-out distance. We note, however, that this rapid
reduction in height occurs in a region where the height of the gravity current
has become vanishingly small. At this stage, the dynamics of the current may
be much more strongly affected by the bottom boundary layer, although such
effects are not captured by the present model. As S increases, the particle load
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Fig. 6.7 Variation of the dimensionless volume Ćux (a), depth (b), reduced
gravity (c), and velocity (d) of the current as a function of the dimensionless
distance x/L from the source. The dot-dashed line was obtained for S = 1,
the solid line for S = 10, the dashed line for S = 20, and the dotted line
for S = 30. These model predictions were obtained for the best-Ąt mixing
parameter ϵ = 0.012.
decreases more rapidly near the origin of the gravity current. This is consistent
with our previous observation that the entrainment of ambient Ćuid becomes
increasingly important for larger values ofS (cf. Ągure 6.5 (b)). We note that
the reduced gravitational acceleration of the current decreases approximately
linearly for S = 26.
We compared the experimental data for all the currents with the model
predictions to determine the best-Ąt value for the settling coefficient, ϵ =
0.012± 0.002 (equation 6.11, 6.12). This investigation is shown in Ągure 6.8.
In panel (a) we compare the model prediction for the area occupied by the
gravity current on the x-axis as a function of the experimentally measured
area on the y-axis. The dashed line with unit slope illustrates the ideal line of
exact agreement. We Ąnd that the model predictions are in good agreement
with the experimental data. Panel (b) shows a plot of dimensionless run-out
length, L/h0, as a function of S. The three black lines were obtained for
ϵ = 0.012± 0.002. We note that the model predictions are insensitive to the
choice of ϵ for small values of S. This corresponds to the experiments in which
the ratio of initial current velocity, u0, and particle fall speed, ufall, is less
than 20. The red line illustrates that the predicted run-out lengths of the
gravity currents decrease well below the experimental observations if we do not
account for the reduced effective settling speed (ϵ = 0). Again, we Ąnd a good
agreement between experimental data and model prediction for ϵ = 0.012.
In the present experimental investigation we did not observe gravity currents
for which the height of the gravity current increases with distance from the
source. However, our model, especially equation 6.12, predicts an increase
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(a) (b)
Fig. 6.8 (a) Area occupied by the gravity current plotted as a function of the
model prediction of the occupied area. (b) Plot of dimensionless run-out length
of the particle-laden gravity current as a function of S. The lines illustrate the
model prediction for ϵ = 0.012 ± 0.002. Squares represent fountain sources,
circles represent plume sources. The red line denotes the model predictions for
ϵ = 0.
in volume Ćux for ufall < ϵu(x). Since we cannot conĄrm such an increase
in volume Ćux experimentally, we can only conĄrm the validity of our model
for the regime ufall > ϵu(x). This condition is met for S < 1/ϵ ≈ 83 with
ϵ = 0.012. It is worth noting that, for S > 80, the large difference between
current velocity and particle fall speed is likely to lead to a resuspension of
particles and this additional effect would also need to be built into the model
(Eames et al., 2001). Owing to the reĆection of the Ćow from the rear wall
of the tank, however, it is not possible to investigate any resuspension effects
with the present experimental set-up.
The above model is based on the experimental observation that the release
of source liquid into the environment is controlled by a balance of particle
settling owing to the particle fall speed, ufall, and some re-entrainment of this
released Ćuid, quantiĄed by the parameter ϵ (equation 6.12). For this mixing
to occur we require the local Richardson number,
Ri(x) =
g′(x)h(x)
u(x)2
, (6.19)
to be small. We can compute this ratio as predicted by our model and we Ąnd
that the local Richardson number in the gravity current does decrease from
the initial value of one. Within the Ąrst 10% of the total length of the gravity
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currents presented in the current study, the Richardson number falls below 0.5,
and within the Ąrst 30% percent of the total length of the gravity currents the
Richardson number falls below 0.25, indicating that the currents are capable of
re-entraining some of the released Ćuid.
6.6 Summary
We have studied the dynamics of steady particle-laden gravity currents. We
presented a new set of experiments, complemented by a model for the conserva-
tion of volume, momentum and buoyancy Ćuxes. Our Ąndings bridge the gap
between settling columns experiments (S < 10), in which sedimentation fronts
are observed, and studies of particle-driven gravity currents (S > 40) with no
sedimentation fronts. In our intermediate regime, we observe particle-driven
gravity currents which reduce in height with distance from the source and
we observe a release of liquid from the current into the ambient, revealing
the presence of a sedimentation front in particle-driven gravity currents for
10 < S < 40. Mixing near the top of the current reduces the speed of the
sedimentation front to values below that of the fall speed of the particles. We
model this reduction in fall speed with the relation f(u/ufall) = 1− ϵu/ufall,
where ϵ = 0.012± 0.002.
As S increases, we expect the Shields parameter of the current to increase
beyond a critical value for which we suspect that the re-suspension of particles
from the bed becomes increasingly important, thereby changing the dynamics
of the Ćow (cf. Eames et al. (2001)), and it would be interesting to include such
effects in future work as well as to investigate the effects of multiple particle
sizes.
A regime diagram of our experimental investigation is shown in Ągure 6.9.
The range of 5 < S < 40 is characteristic for Ćows in separators and water
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• Separated fountain
• No gravity current
• Fast sedimentation
• Gravity current develops
• Re-suspension negligible
• Run-out length < length of tank
• Gravity current develops
• Re-suspension not negligible
• Shields parameter relevant
(i) Slow separated flow (ii) Settling tanks and slow turbidity currents (iii) Turbidity currents 
Fig. 6.9 Regime diagram: The grey area illustrates the range in S for which
our model has been validated against experimental data.
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treatment facilities and some slow turbidity currents, in which sedimentation
fronts develop (DeRooij, 1999). Particle sizes in these applications range from
10 to 100 µm and Ćow speeds are of the order of cm/s. For turbidity currents,
Ćow speeds can be substantially larger, leading to much larger values of S.
Previous studies modelling the dynamics of turbidity currents have reported
observations that the height of such currents remains constant with distance
from the source (Bonnecaze et al., 1993; Huppert, 2006). We interpret this
to be a result of the mixing within the Ćow suppressing the development of a
sedimentation front.
6.7 Appendix: investigation of the source con-
dition
In the present experimental investigation, the particle-driven gravity current
is fed by a continuous particle-laden fountain. A top-view of the transition of
the Ćow from a particle-laden fountain to a particle-driven gravity current is
shown in Ągure 6.10 for exp. 6 as an example. The fountain is shown to the
left, illuminated by the light sheet at the bottom of the image. The dashed
line marks the position of the onset of the gravity current where Fr0 = 1. The
Ćow appears to transition rapidly from the axisymmetric fountain Ćow to a
near parallel channel Ćow as it spreads downstream. The distance from the
centre of the fountain to the onset of the gravity current where Fr0 = 1 is the
adjustment length, Ladj (cf. schematic in Ągure 6.1).
Light sheetFountain
15 cm
x = 0
Fig. 6.10 Top view of the transition of the Ćow from a turbulent particle-laden
fountain to a particle-driven gravity current. The image was taken for exp. 6
in table 6.1. The dashed line marks the onset of the gravity current.
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Fig. 6.11 Comparison of gravity current run-out length, L (black squares),
adjustment length, Ladj (diamonds), and fountain radius, RF (crosses), all
non-dimensionalised by the width of the tank, W , plotted as a function of the
settling parameter S. The length scale over which the particles sediment from
the gravity current far exceeds the length scale of the adjustment zone of the
gravity current for S > 10.
In Ągure 6.11 we show a comparison of the gravity current run-out length,
L, the adjustment length over which the Ćow transitions from a fountain to a
gravity current, Ladj, and the fountain radius, RF , based on the source Froude
number, FrS (cf. Mizushina et al. (1982)). All three lengths are normalised
by the width of the tank, W . The ratio of fountain radius and tank width,
RF/W , shown as crosses, is always less than one. The ratio of the adjustment
length and tank width, Ladj/W , shown as diamonds, is of order one. The
dimensionless run-out length, shown as black squares, far exceeds both these
length scales for S > 10, indicating that the distance over which particles
sediment from the gravity current far exceeds the distance required for the Ćow
to transition from a turbulent fountain to a gravity current. This suggests that
the investigation presented in the main body is insensitive to the exact value
of the adjustment length.
Mingotti & Woods (2016) have shown that particle-laden fountains behave
like analogous single-phase fountain with the same source Ćuxes of buoyancy
and momentum if the particle fall speed, ufall, is small compared to the
characteristic fountain velocity,
uF = B
1/2
S M
−1/4
S . (6.20)
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For the present experiments, this ratio is in the range 0.006 < ufall/uF < 0.2.
Mizushina et al. (1982) have shown that the diameter of a turbulent fountain
corresponds to
dF = 0.34HSPF (6.21)
where HSPF , the steady-state height reached by a single-phase fountain with a
source momentum Ćux MS and a source buoyancy Ćux BS, is
HSPF = 1.84M
3/4
S |B−1/2S |. (6.22)
From this empirical relation we can estimate that the ratio of the fountain
diameter, dF , to the width of the tank (15 cm), ranges between 12.8% and
29.1%, indicating that the fountain is likely to behave like an equivalent fountain
in an unrestricted environment. In the experiments run with a double fountain
source the maximum fountain radius does not exceed 2 cm so that both the
wall effects and the presence of the adjacent fountain are negligible.
To further test the validity of equation 6.9 for the present investigation, we
directly measured the volume Ćux entrained by a fountain in a large environment,
and then again in a restricted environment of width and depth 17 cm. A
schematic of this experimental investigation is shown in Ągure 6.12. In panel
(a) we show how the total volume Ćux entrained into a single-phase fountain
is measured in a large tank of width and depth 45 cm. This investigation
follows the process employed by Burridge & Hunt (2016). The fountain source
is elevated and the dense fountain liquid accumulates at the bottom of the tank.
In the absence of any ventilation, this dense layer would increase in height as
a Ąlling-box. By removing Ćuid from this dense bottom layer, we can control
the position of the interface. When adjusting this extraction Ćow rate such
that the interface is Ąxed at the exact height of the nozzle, the extraction Ćow
rate corresponds to the sum of source volume Ćux injected through the nozzle,
QS, and the total entrained volume Ćux above the interface, QE. The 45 by 45
cm tank is placed inside a much larger tank of dimensions 150 by 80 by 100
cm, in which the water level is kept Ąxed, so that fresh water is continuously
supplied to the fountain. In panel (b) we show how we measure the volume
Ćux entrained into the fountain in a conĄned environment. We repeat the
exact process outlined above, only this time we place a 17 by 17 cm square
Perspex section around the fountain before measuring the ventilation Ćow rate,
QS + QE. We ran these experiments for 6 combinations of source Ćuxes of
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z=0
z=
(a) (b)
45 cm
17 cm
Fig. 6.12 Schematic of the experimental set-up to measure the total entrainment
into a turbulent single-phase fountain. First (a), we measure the entrainment
into such a fountain in a large environment of width and depth 45 cm. Second
(b), we place a square perspex section of width and depth 17 cm around the
fountain and repeat the entrainment measurement.
buoyancy and momentum, listed in table 6.2. These source Ćuxes correspond
to the source Ćuxes in table 6.1 and the nozzle is the same nozzle with internal
radius of 4.3 mm as employed in the investigations detailed in the main body
of the chapter.
In Ągure 6.13 we plot the sum of the measured entrained volume Ćux into
the fountain and the source Ćux through the nozzle, QE + QS, normalised
by the prediction of the empirical relation for single-phase fountains in an
unrestricted environment (equation 6.9), as a function of the source Froude
Exp. QS
[ml/s]
g′S
[m/s2]
MS
[m4/s2]
BS
[m4/s3]
FrS
[−]
HSPF
[cm]
QSPF
[ml/s]
Q45
[ml/s]
Q17
[ml/s]
Q1 17 0.134 4.9e-6 2.3e-6 12 12.8 163 185 185
Q2 17 0.201 4.9e-6 3.4e-6 10 10.5 136 143 134
Q3 17 0.267 4.9e-6 4.5e-6 9 9.1 121 118 116
Q4 17 0.333 4.9e-6 5.6e-6 8 8.2 110 115 111
Q5 17 0.398 4.9e-6 6.7e-6 7 7.5 102 117 127
Q6 17 0.527 4.9e-6 8.9e-6 6 6.5 91 112 112
Table 6.2 Table with source conditions: Number of the experiment (Exp.),
source volume Ćux (QS), reduced gravitational acceleration at the source (gS
′),
source momentum Ćux (MS), source buoyancy Ćux (BS), source Froude number
(FrS), single-phase fountain height (HSPF ), expected total Ćux according to
equation 6.9 (QSPF ), measured total volume Ćux in the 45 by 45 cm tank (Q45),
and measured total volume Ćux in the 17 by 17 cm section (Q17).
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Fig. 6.13 Plot of the ratio of measured total volume Ćux of the down-Ćow from
a turbulent fountain and the expected volume Ćux of a single-phase fountain
in an unrestricted environment (see equation 6.9), as a function of the source
Froude number, FrS.
number, FrS. The black diamonds correspond to the volume Ćux measurements
in the unrestricted environment (45 by 45 cm tank) and the circles correspond
to the volume Ćux measurements recorded for a fountain in the 17 by 17 cm
conĄnement (cf. Ągure 6.12 (b)). The experimental data are in good agreement
with the empirical relation of equation 6.9, represented as the dashed horizontal
line. This indicates that equation 6.9 is likely to be a reasonable approximation
of the volume Ćux from the fountain into the gravity current.
Chapter 7
Conclusion, discussion and
further work
7.1 Summary and discussion
In this thesis we presented Ąve chapters containing experimental studies on
bubble-laden and particle-laden axisymmetric fountains, complemented by
theoretical models.
In chapters 2 and 3, we considered unconĄned bubble fountains. In chapters 4
and 5 we focused our attention on turbulent fountains in conĄned environments,
and in chapter 6 we investigated the dynamics of particle-driven gravity cur-
rents, fed by a particle-laden fountain.
Chapter 2 considered unconĄned turbulent bubble fountains in water. We
investigated the maximum penetration depth of bubbles carried into a reservoir
by submerged and plunging water jets. We found that the maximum depth
reached by turbulent bubble fountains depends on the source Froude number of
the fountain, as well as the ratio of terminal bubble rise speed and characteristic
fountain velocity. This dependency is correctly captured by a novel theoretical
model, based on a single entrainment coefficient. We showed that our model
can be used to estimate the gas Ćux entrained by plunging liquid jets.
Chapters 3 contains an experimental study on the depth reached by bubbles
in unconĄned low Reynolds number bubble fountains. The viscosity of the
working Ćuid, oil, was 55 times larger compared to water, resulting in laminar
Ćow. We presented a qualitative comparison of unconĄned high and low
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Reynolds number bubble fountains. We found that the experimental data for
the rise height of the laminar oil-air fountains agrees with scalings developed
for single-phase fountains with low source Reynolds numbers and high source
Froude numbers.
Our experimental videos revealed that some of the small bubbles accumulate
at the free surface and form a bubble-rich layer growing downwards into the tank.
Light attenuation techniques and time-series images allowed us to measure the
velocities of these fronts and hypothesize that the Ąlling-box speed of these
layers depends on the background Ćow velocity and the terminal rise speed
of the bubbles. This observation motivated a detailed investigation of the
transport of mono-dispersed contaminants carried by multiphase fountains into
conĄned environments, presented in chapter 4.
In chapter 4 we investigated the transport of particles carried into a conĄned
space by a turbulent particle fountain. Owing to the conĄnement, a background
volume Ćux developed in the area around and above the fountain. By comparing
the terminal particle fall speed with the three characteristic velocities in the
system, we identiĄed four distinct regimes which determine the fate of the
particles: (i) The particles separate from the fountain liquid at some fraction
of the total fountain height and quickly settle on the base of the tank. (ii) The
multiphase fountain behaves like an analogous single-phase fountain, but all
particles settle on the base of the tank. (iii) The background Ćux is strong
enough to suspend a layer of particles up to some fraction of the total fountain
height. (iv) The background Ćux is strong enough to lift particles above the
top of the fountain and the particles contaminate the entire tank.
In chapter 5 we investigated extremely conĄned turbulent single-phase
fountains by systematically varying the conĄnement ratio, i.e. the ratio of the
width of the conĄnement and the diameter of an equivalent unconĄned fountain.
We found that both the rise height and the entrainment of the fountain remain
unaffected by the presence of the wall if the value of the conĄnement ratio
is greater than 2. For smaller values of the conĄnement ratio we presented a
scaling argument for the total fountain entrainment, which is in accord with
the experimental data.
In chapter 6 we investigated particle-driven gravity currents, fed by a
continuous particle-laden fountain. We identiĄed the ratio of terminal particle
settling velocity and initial current velocity as a critical parameter controlling
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the dynamics of the multiphase current. Dye experiments revealed the presence
of a sedimentation front such that source Ćuid emerged above the top of the
gravity current as particles sedimented on the base of the tank. Our model,
based on a single re-entrainment parameter, describes the shape and run-out
distance of these particle-driven gravity currents. With this investigation we
bridge the gap between settling column experiments, in which settling fronts
have been observed, and experiments on turbidity currents, which maintain a
constant height until they lose their particle load.
7.2 Conclusion
In this thesis we presented results advancing our understanding of the rise
height and entrainment of axisymmetric multiphase fountains with large source
Froude numbers (Fr0 > 1). We considered fountains with high and low source
Reynolds numbers in conĄned and unconĄned environments. Five experimental
studies employing light attenuation, dye visualisation, and time-series imaging
techniques allowed for insights into the motion of Ćuid and contaminants. The
theoretical models presented in this thesis quantify our improved understanding
of these fundamental Ćows.
The research presented in this thesis is of industrial relevance as it con-
tributes to increasing the efficiency and effectiveness of ventilation systems,
aeration systems, water treatment plants and process equipments such as
separators, particle Ąlters and Ćuidised bed reactors.
The work presented in this thesis further allows for novel insights into
multiphase Ćows occurring in nature, such as particle transport in volcanic
eruptions and turbidity currents.
7.3 Opportunities for further work
In the experimental study on low Reynolds number bubbles fountains in
chapter 3 we observed a large range of bubble sizes with very different rise
speeds. It would be of interest to expand the theoretical models presented
in chapters 2, 4 and 6 to account for multiple particle or bubble sizes, as most
practical applications would feature contaminants with a range of sizes or
weights.
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In many applications such as separators or Ćuidised bed reactors, multiple
fountains are placed in close proximity to each other. Experimental studies on
the interaction of multiple multiphase fountains in conĄned and unconĄned
spaces present promising avenues of further research.
Low Reynolds number bubble fountains are frequently observed in the oil
sumps of internal combustion engines. We have conducted initial experiments
on the motion of bubbles in model engine sumps. These sumps typically have
a shallow and a deep section. In the shallow section, the fountain impinges on
the Ćoor of the tank and feeds a gravity current contaminating the oil reservoir.
Owing to the circulation of oil, the background Ćow Ąeld in these tanks is very
strong, drawing bubbles towards the extraction vent. It would be of interest to
model the Ćow in such systems, both for individual fountains, as well as for
multiple fountains.
Multiphase fountains are featured in a wide range of commercial applications.
Experimental studies and the development of scalings and theoretical models
on both high and low Reynolds number multiphase fountains present a whole
suite of further scientiĄc challenges of industrial relevance.
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